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ABSTRACT 

For  an  m-accretive  operator  A  in  a  Banach  space  X,  we  investigate 

the  invariance  of  the  solution  of  — -  (u  +  XAu)  +  Au  3  0  with  respect  to  a 

dt 

convex  cone,  under  the  assumption  that  the  resolvents  of  A  leave  invariant 
the  cone . 

If  in  particular  X  is  a  function  space  and  above  represents  a  partial 
differential  equation,  necessary  and  sufficient  conditions  are  given  on  the 
boundary  data  to  insure  the  nonnegativity  of  the  solution. 
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ON  THE  MAXIMUM  PRINCIPLE  FOR 
PSEUDOPARABOLIC  EQUATIONS 

Emmanuele  Di  Benedetto  and  Michel  Pierre 


INTRODUCTION 

Let  A  be  an  m-accretive  operator  in  a  Banach  space  X;  it  is  well- 
known  that  if  its  resolvents  satisfy: 

(1)  VX  >  0  JXC  c  C  , 

for  a  given  closed  convex  set  C  of  X,  then  the  solution  of: 

(P)  ^  *  Au  J  0  ,  u(0)  =  uQ  , 

satisfies : 

(2)  uQ  e  C  =»  Vt  u(t)  e  C  . 

Here,  we  study  the  same  problem  for  the  associated  pseudoparabolic  equations: 

(PP)  (u  +  XAu)  +  Au  3  0  ,  u(0)  =  u.  (X  >  0)  . 

at  u 


or,  more  generally,  if  A(t)  is  a  family  of  m-accretive  operators  satisfying 

(PP)  (u  +  XA(t)u)  +  A  (t) u  y  0  ,  u (0)  =  u  . 

t  at  v 

In  order  to  exhibit  a  concrete  situation,  we  remark  that  equation  (PP)^ 

contains  as  a  particular  case,  the  following  problem: 

I  <u-AAu)  -  Au  ■  0  in  fix  [0,T( 


(E) 


u(t) 


an 


g(t) 


u(0)  =  uQ  , 


(1)  : 


where  n  is  a  bounded  open  set  in  lRn.  This  equation  can  be  assumed  as  a  model 
for  diffusion  of  fluids  in  fractured  porous  media  (see  [2]),  or  as  a  model  for  heat- 
conduction  involving  a  thermodynamic  temperature  8  •  u  -  XAu  and  a  conductive 
temperature  u  (see  111],  (231).  Moreover,  when  X  is  small,  it  is  an  approxima¬ 
tion  of  the  classical  heat  equation  (i.e.  (E)  when  X  =  0)  (see  (19],  [22]). 
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It  is  well-known  that  in  the  latter  case  (\  =  0): 

(3)  (u  _>  °  ,  Vt  g(t)  _>  0)  »  (Vt  u(t)  >_  0)  , 

which  is  the  property  (2)  when  C  is  the  cone  of  nonnegative  functions  in  some 
L^(._).  But  is  (3)  true  for  the  equation  (E)  when  X  >  C? 

In  [23],  Ting  proved  that,  if  q(t)  -  0,  the  solution  u  of  (E)  satisfies: 

(4)  0  _  u0  ■»  Vt  0  <_  u(t)  . 

In  fact  this  result  is  a  particular  case  of  a  more  general  situation.  Namely  if 
A  (t )  -.A  is  a  linear  and  time- independent  m-accretive  operator  satisfying  (1), 
the  solution  of  (PP)  satisfies  (2)  (cf.  proposition  1.2). 

But  when  A  is  nonlinear  or  depends  on  time,  this  result  is  no  longer  true. 

For  instance  Rundell  and  Stecher  noticed  in  I2'>]  that  the  mere  nonnegativity  of 
uQ  and  g  is  not  sufficient  to  insure  a  nonnegative  solution  for  (E) .  This  shows 
that  extra  assumptions  on  A(t)  are  needed  to  obtain  the  invariance  property  (2) 
for  (PP)fc  or  even  (PP).  The  purpose  of  this  paper  is  to  give  some  results  in  this 
direction  together  with  related  questions. 

Our  study  is  divided  in  three  parts. 

The  first  section  contains  abstract  results.  For  example,  using  the  fact  that, 
if  A  satisfies  (1),  its  Yosida-approximations  also  do,  we  easily  show  the  linear 
result  indicated  above  and  the  following  general  property:  if  u  is  the  solution 
of  (PP)  where  Aft)  verify  (1) 

uQ  +  A(0)uQ  •  C  =>  Vt  u(t)  +  A  (t  )u  (t )  £  C  , 
and  then  u(t)  <•  C  Vt. 

In  the  second  paragraph,  we  study  problems  of  type  (E).  We  show  that  the 
nonnegativity  of  the  data  is  preserved  in  (E)  if  g  does  not  decay  too  rapidly. 
More  precisely,  the  solution  u  of  (E)  satisfies: 

(5 )  Uq  >_  0  =»  Vt  u  (t )  j>  0  , 
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if  and  only  if: 


Vt 


g  (t) 


e  t'/'g(0) 


The  case  of  Neumann  boundary  data  is  also  considered. 

The  third  paragraph  studies  the  equation  (PP)  for  "classical"  nonlinear 
operators  A  in  iF  (...)  and  the  results  are  quite  surprising.  Assuming  that 

u„  I  0  -  V»  >0  J*uQ  >  0  , 


the  fact  that  the  associated  equation  (PP)  satisfies  the  maximum  principle  (5) 
depends  on  the  nature  of  the  nonlinearity  of  A.  Let  us  summarize  some  results. 

Let  S  denote  a  maximal  monotone  graph  in  2P  *  1R  with  0  ■  SO  and  let  us  consider 
the  following  (formal)  equations: 


<v 


<v 


(V 


Then: 


(u  -  XA!-u)  -  ABu  0  ,  (Bu) (t)  I  =0  ,  u(0)  =  uQ 

—  (u  -  XAu)  -  Au  =  0  ,  -  XT  B  (u )  on  hi)  ,  u(0)  =  u  . 

Dt  un  o 

—  (u  +  A  (-Au  +  P.u))  -  Au  +  Bu  0  ,  u[  =0  ,  u(0)  =  u 

3t  I r;  u 


(E^ )  satisfies  (5)  for  any  R. 


(E^ )  satisfies  (5)  if  and  only  if  .  r  •  )0,«>[n  D(R)  -> 


P  (r) 


(E^ )  satisfies  (5)  if  Dtp)  '  !0,”l  or  .  r  ] 0 , t n  D(8) 


\  is  nondecreasing. 

tin  r) 
r  X  ' 


is  nondecreasing  and  the  latter  condition  is  necessary  if  6  is  regular. 


1 ■  ABSTRACT  RESULTS 

In  this  section  we  denote  by  X  a  Banach  space  with  the  norm  j •  and  T  a 
positive  number.  As  usual  L^(0,T;X)  !resp.  C([0,T];X))  is  the  space  of 
integrable  (resp.  continuous)  functions  from  [0,T]  into  X  and 

W1,1(0,T;X)  =  {u  £  I^tC^T.-X)  ;  £  L1(0,T;X)} 

at 

(see  [7]  appendix  for  more  details  about  this  space). 

For  any  t  €  10, T],  we  will  denote  by  Aft)  a  (possibly  multi-valued) 

operator  in  X,  i.e.  an  application  from  X  into  2  with  domain 

D  (A  (t) )  =  {x  £  X  ;  A  (t  )x  /  0}  and  range  R  (A  (t ) )  =  u  A(t)x  (we  identify  A  (t ) 

X£X 

with  its  graph  in  X  x  x).  We  will  study  the  associated  pseudoparabolic  equation 
(PP)t  ^  (u(t)  +  AA  (t)u  (t) )  +  A  (t  )u  (t )  f(t)  ,  u  (0 )  =  uQ  , 

where  uQ  €  X,  f  «.  L^O.I^X)  and  A  >  0. 

First  we  make  precise  the  meaning  of  solution  of  (PP>t  and  the  assumptions  on 
A (t )  that  insure  its  existence. 

A)  Existence  results 

As  it  is  the  case  for  the  associated  parabolic  equation: 

<P>t  ^u(t)  +  A  (t)u  (t)  ?  f(t)  ,  u  (0)  =  uQ  , 

and  as  it  has  already  been  remarked  and  used  in  [19],  [18],  [22],  it  is  natural  to 
assume  that  the  operators  A(t)  are  m-accretive  (we  refer  e.g.  to  [12],  [15]  or 
[3]  for  more  details  about  this  notion--let  us  just  recall  that  an  operator  A  on 
X  is  said  m-accretive  if,  for  any  A  >  0,  I  +  AA  is  onto  and  =  (I  +  AA)  1 
is  a  nonexpansive  mapping  from  X  into  itself — ). 

In  fact,  under  this  assumption,  (PP ) is  far  easier  to  solve  than  (P ) t  and 
even  has  "strong"  solutions  which  generally  is  not  the  case  for  (P)t-  However  a 
difficulty  arises  for  the  uniqueness  when  the  operators  are  multivalued.  If  one 
interprets  the  equation  (PP)t  as:  "there  exist  w(t),  w(t)  t  A(t)u(t)  such  that 


—  (u  +  Xw)  +  w  =  f  ,  u(0)  =  u  "  , 

at  u 

then  the  function  u  need  not  be  uniquely  determined  even  if  A(t)  A  is 
accretive,  as  shown  by  the  simple  example  below.  So  we  will  require  the  selections 
w  and  w  to  be  the  same.  Moreover  it  appears  that  the  natural  initial  data  is 
not  Ug  c  D(A(0)),  but  an  element  [Ug,Wgl  e  A(0).  In  particular,  even  if  one 
imposes  w  =  w,  for  Ug  fixed  the  solution  generally  varies  with  Wg. 

Example:  Let  X  =  K,  D  (A)  =  [0,«>[,  AO  =  ]-“°,l],  Wx  >  0,  Ax  =  1.  Then,  the  problem: 


3w(t)  ,  5(t)  £  Ault)  with  w(0)  =  w(0)  =  0  , 


—  (u  +  w)  +  w  =  2  ,  w(0)  =  0  , 

dt 


admits  the  following  two  solutions: 


ux  (t)  = 


0  in  [0,ln2] 
t  -  ln2  in  |ln2,») 


for  the  selections 


«i  (t)  =  w  (t)  = 


2(1  -  e  )  on  [0,ln2] 


on  [ln2,»)  , 


u2<t)  = 


0  on  [0,-1 

2  2 
t  -  —  on  [y,=») 


for  the  selections 


2t  -  y  t2  on  [0,y] 


on  [y,«0 


.  »2  (t)  = 


|  t  on  (0,|] 


1  on  [y,<”) 


Moreover,  the  problem 

3w(t)  £  Ju(tl  i  ^  (u  +  w)  +  w  *  2  ,  u(0)  =  0  , 

admits  the  solution  u^  for  w(0)  “  0  and  the  solution  Ug(t)  =  t  for  (0)  =  1. 
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These  remarks  suggest  the  following  definition  of  solution  which  is  justified 
by  the  proposition  1.1  below. 

DEFINITION.  Given  (u0,wq]  •-  A(0)  and  f  *  L1(0,T;X)  we  call  solution  of 

(PP)„  -^7-  (u  +  XA(t)u)  +  A(t)u  >  f  ,  u(0)  =  ,  A(0)u(0)  w  , 

t  at  0  u 

a  function  u  of  C([0,T];X)  such  that: 

I  3w  *:  C ( (0 ,  T]  ; X )  with  u  +  Xw  c  W1,1(0,T;X)  and 

(pp)t  j  v(0)  =  wQ  ,  Vt  c  [0,T]  ,  w(t)  £  A(t)u(t) 

I.  u(0)  =  u  ,  a.e.  t  e  (0,T)  ,  (u(t)  +  Xw(t))  +  w(t)  =  f(t) 

0  dt 

We  denote  by  (t)  =  (I  +  XA(t))  ^  the  resolvent  of  A(t)  and  state  the 
following  proposition. 

PROPOSITION  1.1.  Suppose  A(t)  is  m-accretive  for  any  t  £  [0 , T]  and  satisfies: 
Vx  £  X  ,  tt  -*■  J^(t)xj  is  continuous  on  10,  T] 

Then,  for  any  [uQ,w0]  £  A(0)  and  f  £  L*(0,T|X),  there  exists  a  unique  solution 
of: 

-It  (u  +  XA(t)u)  +  A(t)u  3  f  ,  u  (0)  =  u  ,  A  (0)u  (0)  s  w  . 
dt  0  U 

Moreover  the  solution  w  satisfying  (pp)fc  is  unique. 

Remark  1.1.  When  the  applications  It  -v  J^(t)x)  are  only  integrable  (and  a.e. 
defined),  we  can  obtain  a  "solution"  u  £  L^(o,T;X),  but  the  meaning  of  the  initial 
conditions  u(0)  =  Ug,  A(0)u(0)  =  wQ  must  then  be  understood  in  a  weak  sense  to  be 
precised. 

Remark  1,2.  In  the  case  when  A(t)  :  A,  f  ;  0,  the  proposition  above  associates 
with  any  [Ug,Wg]  <  A  and  t  e  (0,~[  a  unique  tu(t),w(t)]  c  A.  Hence  the  mapping 

(Ug.Wg)  •»  S^ttjlUg.Wg)  =  (u(t),W(t)) 

defines  a  semigroup  of  operators  from  A  (identified  with  its  graph)  into  itself, 
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that  is: 


S.(0)  =  I  ,  [t  -  (t)  (u  ,wQ)  J  is  continuous 

Vs,t  >  0  ,  S  (t  +  s )  =  S ,  (t  )5  (s>  . 

—  \  A  A 

In  fact,  one  can  easily  show  that  S^(t)  can  be  extended  in  a  group  on  1R. 
Considering  the  distance  defined  on  A  by 

d  ( (u,w)  ,  (u,w) )  =  |u  -  u  +  X  (w  -  w)  |  , 

since  A  is  accretive,  S^(t)  a  nonexPanstve  mapping  on  A  for  this  metric. 

Remark  1.3.  If  A  is  sinqlevalued,  by  setting  u(t)  =  S,  (tiu^,  we  also  define  a 
continuous  semi grou;  of  operators  from  D (A)  into  itself  which  converges  to  the 
semigroup  generated  by  A  (e.g.  in  the  sense  of  [12])  when  A  goes  to  0  (see 
prop.  1.4).  In  general  S ^  (t )  is  not  a  contraction  (see  remark  1.5)  and  even 
cannot  be  continuously  extended  to  D(A)  (see  corollary  3.1). 

If  A  is  linear,  we;  can  show  that  S.  (t)  is  a  semigroup  of  contractions 
from  1>(A)  into  it  elf.  This  is  a  consequence  of  the  following  linear  properties 

~  (Au)  =  A  (~“)  ,  J .  A  =  AJ  =  A 

dt  dt  A  A  A 

(we  recall  that  if  A  is  an  accretive  operator,  its  Yosida  approximation  is 

aa  =  7"  (I  '  V’- 

For  linear  operators  A  we  have: 

PROPOSITION  1.2.  Let  A  be  a  closed  linear  accretive  operator  in  X,  i  D(A), 
f  t  L  (0/T; X)  with  f  (t)  .  D(J^)  a.e.t;  then  the  following  statements  are 
equivalent: 

(i)  u  •  C  ( [  0 ,  T)  ;  X )  ,  u  +  AAu  c  Wlfl(0,T;X) 

4-*  (u  +  XAu)  +  Au  =  f  ,  u(0)  =  u 

at  0 

(ii)  u,  Au  r  W1,1(0,T;X)  ,  u’  (t)  r  D  (A)  a.e.t. 

u*  +  XAu’  +  Au  *  f  ,  u(0)  =  Uq 
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(iii)  u  *  W1’1  (0,T;X) 

u'  +A^u  =  JJf  ,  u(0)  =  u^ 

Moreover,  if  u  and  u  are  solutions  of  the  above  equations  with  data  (u^,f) 
and  (Ug,f)  respectively,  then 

t 

Vt  *  tO, T]  ,  |u(t)  -  u(t)|  <_  [u0  -  uQ|  +  /  |f{~)  -  f(T)'dT  . 

0 

Remark  1.4.  The  property  (iii)  is  of  a  particular  interest.  Together  with  lemma 
1.1  below,  it  shows  that,  when  f  =  0,  u  and  u  +  XAu  are  both  solutions  of  the 
equation: 

u1  +  A^u  =  0 

The  last  inequality  (which  is  a  direct  consequence  of  (iii)  and  the  accretivity 

of  A^)  gives  a  way  to  define  a  notion  of  solution  for  the  equation  (i)  when 

Uj  £  D  (A)  . 

The  proof  of  the  proposition  1.1  rests  upon  the  following  leima: 

Lemma  1.1.  Under  the  assumptions  of  the  proposition  1.1,  u  is  a  solution  of 

(PP).  (u  +  lA(t)u)  +  A  (t  )u  o  f  ,  u  (0)  =  u  ,  A(0)u  (0)  5  w  , 

t  dt  0  0 

if  and  only  if  u(t)  =  J^(t)v(t)  where  v  is  solution  of 

<P  ^ )  v  e  W1,1(0,T;X)  ,  VQ  =  uQ  +  \vQ  ,  |^-+  A^(t)v(t)  =  f(t) 

Proof  of  lemma  1.1. 

If  u  is  a  solution  of  (PP>t,  setting  v(t)  =  u(t)  +  iw(t)  (w(t)  is  the 
corresponding  selection  out  of  A(t)u(t)),  we  have  u(t)  =  J.((t)v(t)  and 

w(t)  =  =  A^(t)v(t)j  hence  v  satisfies  (P  ) . 

A  A  A 

Now  let  v  be  a  solution  of  (P^)  and  u(t)  =  J^(t)v(t);  then  u  C(I0,T];X) 
by  the  assumptions  on  J^(t)  and  t*le  inequality: 
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Vs,t  .  [0,T]  ,  |u(t)  -  u(s)|  <_  !j}(t)v(t)  -  J,(s)v(t)  +  v  (t )  -  v!s) 

As  v(t)  .  u(t)  +  AA(t)u(t),  there  exists  w  C([0,T];X)  with  w  (t )  Aftlilt} 
and  v  =  u  +  Aw.  Moreover 

A^(t)v(t)  =  v  — - — -  u  =  w(t)  for  any  t  .  [C,T] 

So  u  is  a  solution  of  (pp)  . 

Proof  of  Proposition  1,1. 

By  lemma  1.1,  it  is  sufficient  to  prove  existence  and  uniqueness  of  the 
solution  of  (P  ^ ) .  Since  A^(t)  are  Lipschitz-continuous  on  X  and 
t  ■*  A  ^  (t ) x  -  f  (t)  integrable  for  any  x  e  X,  the  proposition  follows  from  known 
results  (see  for  example  [7],  example  1.3.2). 

Proof  of  Proposition  1,2. 

Suppose  u  satisfies  (i ) ;  then,  as  v  =  u  +  AAu  ■'  W^'^(0,T;X)  and  since  J 

is  linear  and  continuous  on  the  closed  set  DiJ^),  u  =  J^v  ^  w1 (0,T;X)  and 

u'  (t)  =  J^v'  (t)  a.e.t.  By  difference,  Au  £  W*'1  (0,T;X)  and  since  A  is  linear 

and  closed  (Au)  =  Au’ .  This  proves  (ii). 

dt 

Clearly  (ii)  implies  (i). 

Now,  if  u  satisfies  (ii),  by  applying  we  obtain: 

u'  (t)  +  JxAu(t)  =  J^f  (t)  . 

From  the  linearity  of  A,  J^Ax  =  AJ^x  for  all  X  e  D(A).  Hence  (ii)  *»  (iii). 
Finally  suppose  u  satisfies  (iii);  then: 

a.e.t.  u(t)  +  Au'  (t)  -  Jxu(t)  =  J^fft)  ,  u(0)  =  uQ 

This  proves  that  (u  +  Au'  )  (t)  e  D(A)  and,  by  integration,  that  u(t)  and 
u*  (t)  t  D(A).  Therefore,  by  applying  1  +  Aa  we  obtain  (ii). 

The  last  inequality  follows  from  (iii)  by  using  the  fact  that  A  is  accretive. 


-9- 


B)  Continuity  results 

The  following  results  are  a  direct  consequence  of  general  facts  about  m-accretive 
operators  and  will  be  employed  in  section  3. 

PROPOSITION  1.3.  Let  (An)  be  a  sequence  of  m-accretive  operators  converging  to 
the  m-accretive  operator  A,  i.e. 

An  A 

Vu  '  0  ,  Vx  X  ,  lim  J  X  =  J  x  . 

u  t 

n 


Suppose  [Uq,w”]  c  An  converges  to  [u^,w^]  f  A  and  f^  converges  to  f  in 

L^(0,T;X).  Then,  the  solution  u11  of 

d  ,  n  ,  n  n ,  n  n  _n  n  ,  „ ,  n  ,nn,^4  n 

t—  (u  +  XA  u  )  +  A  u  ’  f  ,  u  (0)  =  u.  ,  A  u  (0)  >  w  , 
dt  0  0 

converges  in  C([0,T];X)  to  u  solution  of 


XT  (u  +  XAu)  +  Au  >  f  ,  uto)  =  u.  ,  Au(0)  i  w  , 

dt  0  0 


and  the  corresponding  sections  wn  also  converge  in  C((0,T];X)  to  w. 

PROPOSITION  1.4.  Let  A  be  an  m-accretive  operator  in  X,  [u”,w^]  t-  A,  fn  e  L1(0,T;X). 

Suppose  f  converge  to  f  in  L^(0,T;X)  and  there  exists  X  converging  to  0 
n  n 

such  that  u"  +  X  w"  converges  to  u„  f  D(A).  Then  when  n  goes  to  °°,  the 

0  n  U  0 

solution  of 


d  ,  n  „  n.  „  n 

3—  (u  +  X  Au  )  +  Au 
dt  n 


u  (0)  =  u. 


Au  (0)  i  w 


0  '  . . 0 

converges  in  C(t0,T];X)  to  the  integral  solution  (in  the  sense  of  [4])  of 

du 


(P) 


dt 


+  Au 


u (0)  =  u_ 


Remark  1 ■ S ■  From  the  proposition  1.3,  we  can  deduce  that  the  pseudoparabolic 
semigroups  associated  with  a  singlevalued  m-accretive  operator  (cf.  remark  3)  are 

not  semigroups  of  contractions.  To  see  this,  let  us  consider  A  the  Yosida- 

t 

approximations  of  a  m-accretive  operator  A.  Let  [u0,wQ]  and  [uQ,w0]  f  A 


-10- 


with  w  ^  w.  and  let  u  ,  u  be  the  solutions  of 

0  c 

-^7<u  +  Au)+Au=0  , 

at  l  ti 

with  u  (0)  =  u^  +  t.wQ,  u  (0)  =  +  cw^  respectively.  Since  A  converges  to  A 

and  A  (u^  +  >wQ)  =  w^#  A^  (uQ  +  tw^)  =  wQ,  by  the  proposition  1.3,  u  and  u 
converge  to  the  solutions  of: 

~  (u  +  Au)  +  Au  =  0  ,  u  (n)  =  u 

dt  0 

with  Au(0)  w^  and  Au(0)  •  w^  respectively.  Now  u  and  u  are  in  general 

different  as  shown  by  the  previous  example.  Hence  one  cannot  have: 

Vt  *  0  ,  V-  '*  0  ,  fu  (t)  -  u  (t)  [  (u.  +  t.w  )  -  (u^  +  rvirt)  ■  «  ■  |w^  -  w  1 


Proof  of  Proposition  1.3. 


By  a  known  result  (see  Benilan  (4JJ,  the  solutions  v  of 


dv  4  .  n.  n  _n  n._.  n  ,  n 

dT  +  (A  )  AV  ■  f  .  V  (0)  =  u0  +  lw0  , 

converge  in  C ( [0 , T] ;  X )  to  the  solution  of 


.  —  +  A  v  =  f  ,  v(0)  =  u  +  Aw  f 

dt  X  0  0 


By  leirena  1.1,  u  =  J  vn  and  u  =  J*v.  Since  v([0,T])  is  compact  and  JA  ,  JA 

«  A  XX 

A"  A 

are  contractions,  v  converges  to  J^v  in  C([0,T];X).  Moreover  we  have: 


|un(t)  -  u(t)  |  £  |vn(t)  -  v(t)|  +  |j*  v  (t )  -  J*v(t)|  . 

A  A 


Hence  u  converges  to  u  in  C([0,T];X)  and  w  = 


„  n  n 
n  _  v  -  u 


converges  also  in 


C([0,T];X)  to  w 


Proof  of  Proposition  1.4. 


Let  v  be  the  solution  of 


1T+  AX  v"  ,  fn  ,  vn(0)  =  u£  +  Xnw^  . 
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By  the  quoted  result  (see  [4],  [3]),  v"  converges  in  C([0,T];X)  to  the  integral 
solution  (in  the  sense  of  [41 )  of 

<~  +  Au  --  f  ,  u(0)  =  u 

at  o 

Moreover: 

|un  (t )  -  u  (t )  (  =  I  J  V11  (t)  -  u  (t  )  I  ^  |vn  (t )  -  u  (t )  I  +  [  u  (t )  -  u  (t  )  1  , 

n  n 

and  u  -  u  converges  to  0  in  C([0,T];X). 
n 

Remark.  Continuity  results  similar  to  this  proposition  can  be  found  in  [22). 

C)  invariance  properties  for  (PP>t 

We  denote  by  C  a  closed  convex  set  in  X. 

PROPOSITION  1.5.  Assume  the  hypothesis  of  proposition  1.1  and  suppose  that: 


(i)  a.e.t.  Jx!t>C  +  c  C 

(ii)  uQ  +  XwQ  e  C  . 

Then,  u(t)  +  Xw(t)  e  C  for  all  t  c  [0,T],  If,  moreover  J^(t)C  c  C,  then 
u  (t )  e  C  for  all  t  £  [0,T]. 

PROPOSITION  1.6.  Let  A  be  a  linear  m-accretive  operator  in  X  and  u  the 
solution  of 

~  (u  +  XAu)  +  Au  =  f  ,  u(0)  =  u„  , 

at  u 

with  uQ  c  D  (A)  and  f  e  L*(0,T;X).  Suppose: 

a.e.t  e  JO,T[  ,  (C  +  Xf  (t ) )  c  C  . 


Then: 


(uQ  e  C)  »  (Vt  c  [0,T]  ,  u(t)  e  C) 


Remark  1.6.  To  see  the  interest  of  the  first  proposition,  let  us  suppose  that 
X  «  iF  (S2)  for  some  p  e  [!,<»)  and  some  open  set  si  in  IRn  and  let 
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C  =  {u  ■  iP  ;  u  >  0}.  Suppose  that  Aft)  is  a  family  of  m-accretive  operator-' 

p 

in  L  fo)  satisfying  the  following  maximum  principle: 

(u  >  0)  =»  (VI  >0  ,  J,  ft ) u  >  0)  . 

Then,  as  an  application  of  the  proposition  1.5  we  obtain  that  if  u  is  the  solution 
of 

~r  (u  +  XA(t)u)  +  A(t)u  -•  f  ,  u(0)  =  u  , 

at  0 

then : 

(uQ+  AA(0)uQ  >  0  ,  f  0)  -  (Vt  ,  u(t)  +  AA(t)u(t)  >  0) 

and,  therefore  uft)  >.  0  for  all  t  <  10, T). 

In  the  particular  case  when  Aft)  are  the  operators  associated  with  the 
equation  (E)  in  the  introduction,  this  result  says  that  the  thermodynamic  temperature 
remains  nonnegative  for  all  t  >  0  if  it  is  so  for  t  =  0.  This  was  remarked  in 
(231  for  <£)  when  q  =  0.  Above  shows  that  this  property  is  quite  general. 

Remark  1.7.  A  more  interesting  result  is  the  following.  Given  a  family  of  operators 
Aft)  satisfying: 

(u  >_  0)  *»  (t)u  >_  0)  , 

what  can  be  said  about  the  positivity  of  the  solutions  of  the  associated  pseudo¬ 
parabolic  equation  assuming  that  uQ  >_  0  and  f  >  0? 

The  proposition  1.6  gives  a  first  result;  it  tells  that  if  Aft)  is  linear, 
independent  of  time  and  satisfies  the  above  maximum  principle,  then  uft)  ^  0  as 
soon  as  u^  >_  0  and  f  0. 

But  this  is  not  necessarily  true  if  Aft)  depends  on  time  or  if  Aft)  =  A 
is  not  linear.  The  purpose  of  the  next  sections  is  precisely  to  study  in  particular 
cases  what  extra  assumptions  on  Aft)  imply  the  nonnegativity  of  the  solutions. 

The  main  idea  in  the  proof  of  both  the  propositions  is  the  following  (see  [10]). 
If  a  closed  convex  set  C  is  "invariant"  by  A,  it  is  also  invariant  by  A^, 
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that  is: 


(VX  >  0  ,  (X  +  XA)-1C  c  C)  =>  (V D  >  0  ,  (I  +  yA  )_1C  c  C)  . 

Moreover  also  the  semigroup  generated  by  A^  leaves  C  invariant.  More  precisely, 

we  use  the  next  lenrna  proved  in  [7]  -  Corollary  1.1. 

Lemma  1.2.  Let  C  be  a  closed  convex  set  in  X  and,  for  any  t  e  10, Tl,  let 
j(t)  :  C  •*  C  be  a  contraction  such  that  X  •*  J(t)x  is  integrable  for  any  x  e  C. 

Then,  for  any  v^  t  C  there  exists  a  unique  v  c  W^'^(0,T;X)  with  v(t)  e  C  for 

all  t  satisfying: 

dv  .  v  (t)  -  J  (t)v  tt) 

v(0)  =  vo  '  5T  + - I - 5=0  • 

Proof  of  Propositions  1.5  and  1.6. 

To  prove  1.5  use  lemma  1.1,  and  apply  lesroa  1.2  with  J(t)  defined  by 
J(t)x  =  J^ttjx  +  Xf  (t) . 

To  prove  1.6  use  the  proposition  1.2,  and  apply  lemma  1.2  to  vQ  =  Ug,  and 
J(t)  defined  by  J(t)x  =  J^ttHx  +  Xf  (t) ) . 


» 


i 

( 

i 

i 


2.  MAXIMUM  PRINCIPLE  FOR  EQHATIONS  OF  Ty PE  (H ) 

In  this  section  we  describe  some  invariance  properties  of  the  solution  of 
(PP)^  with  respect  to  convex  cones,  for  some  operators  which  are,  roughly  speaking 
"linear  in  the  interior."  The  results  of  the  next  part  A,  will  be  applied  to 
boundary  value  problems  connected  with  equation  (C) ,  in  part  B. 

A.  Some  general  remarks 

IiOt  A  be  linear  and  m-accretivc  in  X  and  let  G  C([0,T]:X)  be  given. 

For  t  [0,T]  define 

r>[A(t )  ]  u  X  ’  u  -  (t)  D  (A) 

Alt)  -  A(u  -  r,(t))  -  |  r-(t)  . 

Note  that  A (t )  is  also  m-accretivc  in  X  for  all  t  K',T1,  hence  by 

proposition  1.1,  for  any  u  ;>IA(n)|  and  f  L^(n,T;X),  there  exists  a  unique 
solution  of 

<r: )  ~  (u  +  'A(t)u)  +  a (t ) u  f  ,  u  (o )  *  u  . 

at  n 

We  will  denote  with  u^f-pU^f)  such  a  solution.  Our  next  task  is  to  derive  a 
representation  of  u,  (*,uft,f)  in  terms  of  the  operator  A,  which  will  be 
extensively  used  throughout  this  section.  With  =  (1  +  >A)  ,  X  >  0,  we  denote 

the  resolvents  of  A.  A,  is  the  Yoshida  approximation  of  A  and  S^(»)  denotes 
the  linear  contraction  semigroup  generated  by  -*A^  in  X. 

Lemma  2.1.  For  all  uf)  r>  (A  (n) )  ti(A)  +  r.(n)  and  f  L1(0,T;X), 

t 

u^t.u  ,f)  =  S^tlUjj  +  :(t)  +  /  -  s)f(s)ds  ,  Vt  .  [ 0 , T)  ,  where 

f) 

1  (t)  =  [G(t)  -  e-t/>G(0)l  +  \  j  d  S  (t  -  s)|G(s)  -  e”S/AG(0)]ds  . 

n  ; 

Remark  2.1.  This  representation  permits  us  to  define  a  "generalized"  solution  of 
(PP)t  for  all  uQ  •  X,  since  S^ft)  is  a  contraction  defined  in  the  whole  space  X. 
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Proof  of  Lemma  2.1. 


Set  u(t)  =  v(t)  +  G(t).  Then  problem  (PP>t  can  be  rewritten  as 

~  (v  +  AAv)  +  Av  =  7-  G  +  f  ,  v(0)  =  u.  -  G(0) 

at  A  0 

and  by  proposition  1.2 

V  +  A  v  =  7-  J  G  +  J  f  ,  v  (0)  =  u  -  G  (0)  .  . 
ut  A  A  A  A  0 

An  easy  verification  shows  that  w(t)  =  e  t/,XG(0)  is  the  unique  solution  of 

~  w  +  A.w  =  -  7-  J,e't/XG(0)  ,  w(0>  =  G(0)  . 

dt  X  XX 

Adding  the  two  previous  equalities  we  have 

4r  (u  -  [G  (t)  -  e't/AG(0)l)  +  A ,<u  -  [G(t)  -  e_t/XG  (0)  ]  )  = 
dt  X 

=  i-JxtG(t)  -  e"t/XG(0)]  +  Jxf  . 

So  that  by  the  theory  of  linear  contraction  semigroups  [16] 

u(t)  =  S  (t)u  +  [G (t )  -  e't/XG(0)]  +  7  /  J.S  (t  -  s)[G(s)  -  e's/XG(0)]ds  + 

A  U  A  q  A  A 

t  t 

+  /  J.S  (t  -  s)f  (s)ds  =  S  (t)u  +  <Mt)  +  /  J.S  (t  -  s)f  (s)ds  . 

Qxx  xo  0XA 

This  is  the  desired  representation. 

Now  let  C  be  a  closed  convex  cone  in  X  with  vertex  at  zero,  i.e.  if 
x,y  e  C,  then  tx  +  sy  t  C,  Vt,s  e  K+,  and  assume  that  A  satisfies  a  "maximum 
principle"  in  the  form 

(2.1)  JXC  c  c  VX  >_  0  . 

Then  from  a  result  of  110]  we  have  also 

(2.2)  SA(t)C  c  c  *  vt  f  !0'T1  • 
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PROPOSITION  2.1.  The  following  statements  are  equivalent 


(i)  VuQ  f  D(A)  +  G  (0)  ,  Vf  '  L1(0,T;X) 

(uQ  £  C  ,  f(t)  C  a.e.t  ■-  (0,T))  =» 

=»  (Vt  ,  [0,T]  ,  ux(t,u0,f)  :  C) 

(ii)  Vt  r  [0,T]  ,  $(t)  <  C  . 

proof  of  proposition  2.1. 

The  implication  (ii)  =»  (i)  follows  easily  from  the  representation  of 
ujl(liU.,f),  (2.1)  and  (2.2).  For  the  opposite  implication,  consider  a  sequence 
{u”)  -*  0  in  X  and  u”  •  C  n  D(A(0)),  Vn  e  N.  For  instance  we  might  take 

u"  =  J,  ,  0.  We  have 
0  1/n 

(t,u”,0)  =  (t)u^  +  v  (t )  e  C  . 

Since  C  is  closed  and  S^lt)  is  continuous  in  X,  the  proposition  follows. 

The  following  corollary,  which  is  a  direct  consequence  of  Lemma  2.1,  provides 
a  sufficient  condition  on  the  family  A(t),  to  insure  that  ux(t,u0,f)  '  C  for 
all  t  f.  [0,T]  . 

Corollary  2.1.  Suppose  that  for  all  t  e  (0,T),  (I  +  XA(t))  -  e  t/,X(I  +  \  A  ( 0 ) ) 
Then  for  every  f  £  L*(0,T;X)  with  f  (t)  £  C  a.e.t  £  [0,T],  and  every 

uQ  <  C  n  D(A(0)),  ux(t,u^,f)  e  C  for  all  t  £  [0,T).  Moreover 
ux(t,uQ,f)  -  e  t^^UQ  f  c>  for  all  t  e  (0,T)  . 

Proof  of  the  corollary. 

From  the  definition  of  A(t),  it  follows  that  G(t)  satisfies 
G(t)  +  XA(t)G(t)  »  0,  in  X  for  all  t  <■  10, T] .  Therefore  the  assumptions  of  the 
corollary  are  equivalent  to 

G (t)  -  e"t/XG(0)  ,  C  . 
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By  the  invariance  of  and  S,  with  respect  to  C  we  have  that  t(t)  ■  C  for 

all  t  t  [0,T].  From  the  representation  of  u,  (*,u^f),  we  have 


u  (t.u  ,f)  -  e't7'u  -  v  (-  J  )n 

X  0  0  '  \  n ! 

n  '1 


-t/\ 


:  (t)  + 


t 

+  /  J^ft  -  s)f  (s)ds  .  C  . 

0 


This  proves  the  corollary. 

PROPOSITION  2.2.  Let  f  £  L1(0,T;X),  with  f  (t )  e  C  a.e.t  e  tO,T]  and  assume 
that 


G(t)  +  e"t/X(u0  -  G<0))  £  C  . 

Then  u^t.u^f)  £  C  for  all  t  e  tO,T]. 

Proof  of  Proposition  2.2. 

Consider  the  representation  of  u^(*,uQ,f).  We  have 

Sx(t)uQ  +  Kt>  -  l  (i  Jx)n  n4e-t/Xu0  +  [G (t)  +  e-t/X(u0  -  G(0)>]  + 
n  >1 

1  -s/\  d  J, 

+  T  J,  /  s  (t  -  s)  [G(s)  +  e  /A(un  -  G(0))]ds  +  S,  (t)  /  ~  e  Vds  = 

*  A  Q  A  U  A  0  ^ 

«  (G(t)  +  e  t/X(uQ  -  G  (0) )  ]  +  7  J  ^  /  S^tt  -  s)  [G  (s)  +  e~s/X(u0  -  G(0))]ds  » 

-  H  (t)  . 

Therefore 


t 

u  (t.u  ,f)  =  H  (t )  +  /  J  S  (t  -  s)f  (s)ds  . 

0  A  A 

The  assumptions  imply  that  H(t)  f  C  for  all  t  £  [0.T],  Hence  u  (t.u  ,f!  e  C 

A  0 

for  all  t  e  [0,T] . 
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Applications  to  boundary  value  problems 

We  consider  here  the  case  when  (PP)t  represents  a  partial  differential  equation 
with  certain  boundary  conditions,  and  we  give,  in  particular  cases  (including  (E)  )  , 
necessary  and  sufficient  conditions  on  the  boundary  data,  to  insure  a  nonnegative 
solution . 

Let  be  a  bounded  domain  in  lRn  which  lies  locally  on  one  sidt-  of  its  smoot 
2 

boundary  r.  L  (i.)  is  the  space  of  square  integrable  real  valued  functions  with 
respect  to  the  Lebesgue  measure  over  ^  and  (:>)  is  the  space  of  functions 
t  L  (..)  for  which  each  of  the  (weak)  partial  derivatives  belongs  to 

j 

g  2  1 

L  (.;),  1  j  <_n.  If  Dq  is  the  identity  in  L  Cl),  the  norm  in  H  (..)  can  be 

expressed  by 


1M!  ! 

H  (■-•) 


n 


;  I 

j-0 


lev'll  2 

J  L  (O) 


1/2 

} 


The  spaces  H  (.2),  k  >  1  integer  can  be  defined  analogously, 
the  trace  operator,  restriction  to  F  of  elements  in  H*  (P), 
range  of  ,  and  ( Q )  (dual  H  ^(P))  is  the  kernel  of  y. 
more  information  about  these  Sobolev  spaces. 

For  u  ■  V'  (P)  define 


If  we  denote  by  I, 
H1/2  (D  is  the 
We  refer  to  [1]  for 


Lu  =  - 


y  (a .  .  (x)u  )  +  y  b,  (x)u  +  a  (x)u 

v,  i  j  X.  x .  . .  i  x,  0 


i.  j=l 


i  1 


i=l 


where  a^  •  C  (3),  aQ  «■  C(P)  and  satisfy 


0  - 


i»  j=l 


a. 

i]  i  ] 


>  v|er 


v  »  0 


Here  |^|  denotes  the  euclidean  length  of  the  vector  (5^,...,^)  in  »n. 

If  v(x)  ;  (v^(x) ,. . . ,v  (x) )  denotes  the  outward  unit  normal  to  F,  we 
denote  with 
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i„u  =  )  a.  u  .  .  (x >  u  H  (  ) 

L  .  V  ,  l]  x.  Z 
1.11  =  1  l 

the  conormal  derivative  of  u  with  respect  to  L. 

Let  r  *  -J  Tj.  1]^  n  ^2  =  '  an<^  consider  the  linear  operator  A  defined  by 

D  (A )  i  fu  r  L2  (o)  :  Lu  *  L2  (  .)  ,  v  (u)  =  0  ,  •  u  -  ' 

1 

Au  =  Lu 

2 

If  aQ  _>  ag  >  0  and  aQ  is  sufficiently  large  then  L  is  coercive  in  L  (  )  and 
A  is  m-accretive  (maximal  monotone)  in  L2(o).  See  17,  17,  211  for  details. 

A  satisfies  the  following  "strong"  maximum  principle: 

Wu  €  L2(f!)  ,  (u  ^  0  ,  u  £  0)  ■*  (JjU  >  0  in  .1)  . 

In  particular  the  closed  convex  cone  C  of  the  nonnegative  functions  in  L2(.) 
is  invariant  under 

(a)  The  case  of  Dirichlet  boundary  data. 

3/2 

Here  we  suppose  Tj  =  ♦  .  Let  g  €  C([0,T);H  (r) )  and  consider  the  family 

of  operators  (A(t)}  defined  as  follows: 

te  10, T) 

D  [A  (t)  ]  =  (u  €  L2  ((2)  :  Lu  £  L2  (-7)  and  Y(u(t))  =  g(t)  a.e.t  €  [0.T]  } 


A  (t)u  =  Lu 


Let  G  (t )  f  C([0,T);L2(i2)),  G(t)  €  D[A(t)  ]  Vt  e  [0,T] 


be  the  unique  solution  of 


(2.3) 


f  G(t)  +  ALG  (t)  =  0 
V  Y  (G  (t) )  =  g  (t)  on  T  . 


Then  the  operators  A(t)  are  of  the  form  described  in  part  A,  that  is 
DtA(t)]  =  D(A)  +  G  (t)  and 

Vu  e  DIA (t) )  ,  A (t)u  =  A (u  -  G  (t ) )  -  i-G(t)  • 
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1  ? 

Therefore  for  all  uQ  ►  D  (A)  +  G{0)  and  f  .  L  (0  ,T ;  L*"  ( . . )  )  there  exists  a  *ir.i.:ue 
solution  of 

I  u  ,  C([0,T]  ; L2  < .  )  )  ,  u  +  \Lu  -  WX,X  (0,T,-L2  (:.)  ! 

-r—  (u  +  XLu)  +  Lu  =  f  ,  u(0)  =  u 

3t  0 

[  y  (u )  =  g  on  r 

Moreover  the  solution,  which  will  be  denoted  by  Uj(*,u  , f)  can  be  represented  as 
in  Leirma  2.1,  namely 

u^(t,uo,f)  =  Sx(t)uQ  +  [G  (t )  -  e_t/AG(0)]  + 

(2.4) 

1  t  t 

+  -f  J  S  (t  -  s)  (G(s)  -  e_S/  G<0)]ds  +  /  J  ,S,  (t  -  s)  f  <s)ds  . 

X  0  X  X  o  ' 

Remark  2.2.  We  will  comment  later  on  the  meaning  of  the  representation  (2.4). 

The  results  of  the  previous  part  A  carry  over  to  the  present  situation  if  we 

2 

choose  C  to  be  the  closed  convex  cone  of  the  nonnegative  functions  in  L  (..)  . 

In  fact  we  can  obtain  more  precise  results. 

Theorem  2.1.  The  following  statements  are  equivalent: 

(i)  VuQ  £  D  (A)  +  G  (0)  ,  Wf  £  L1  (0,T;L2  (0)  ) 

<uQ  >  0  ,  f(t)  _>  0  a.e .  t  £  I0,T))  =*  (ux(t,u0.f)  >  0  ,  Vt  [0,T]) 

(ii)  Vt  €  tO,T)  g(t)  >  e"t/Xg(0)  . 

Proof  of  Theorem  2.1. 

In  view  of  (2.3),  G(t)  -  e  t'^>G(0)  satisfies 

[G  (t )  -  e"t/XG<0)]  +  XL [G  (t )  -  e't/XG(0)]  =  0 
Y  (G  (t )  -  e‘t/XG(0)]  =  git)  -  e"t/Xg(0)  >0  . 
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Therefore  by  the  maximum  principle  (ii)  implies  G(t)  -  e  ^  G(P)  0.  Hence  the 
implication  (ii)  =*  (i)  follows  from  (2.4).  Now  let  (i)  hold  and  consider  the 
representation  (2.4).  By  Proposition  2.1,  t>(t)  >.  0  Vt  <  [0,T]  and  u,(t,u^,f) 

>  S,  (t)u_,  Vt  c  tO,T).  It  follows  that 

—  a  0 


(2.5) 


ux(t'uo'f)  ‘  6 


-t/x 


un  >  y  h- 

0  —  a  1  n ! 

n  >1 


-t/>. 


u  •'0 

0  - 


Hence 

7  (u^  (t,u0,f )  -  e  t//hQ)  =  g(t)-et'/g(0)^0 

The  next  proposition  supplies  a  sufficient  condition  on  the  data  uQ  and  g(-) 
on  the  whole  parabolic  boundary  of  H  x  [0,T],  to  insure  that  u,  (t,u„,f)  >  0. 

A  v/ 

PROPOSITION  2.3.  Let  f  .  L1  [0,  T;L2  V-D  ]  ,  with  f(t)  >  0  for  a.e.  t  <  [0,T]  , 
and  assume  that 

G  (t)  +  e“t/X(u0  -  G (0) )  0  Vt  t  [0,T]  . 

Then  u^(t,uQ,f)  >  0,  Vt  f  10, TJ. 


Proof  of  Proposition  2.3. 

This  is  the  content  of  proposition  2.2. 

Remarks  2.3.  (a)  Proposition  2.3  contains  as  particular  cases  two  different  kinds 

of  results: 

(i)  If  G(t)  >_  e  t//h(0),  then  u^ft.Ug.f)  for  any  uQ  >_  0  (Theorem  2.1) 

(ii)  If  Ug_>G(0),  then  u^(t,uo,f)  ^0  for  any  g(t)  ^0  . 

The  latter  case  was  observed  in  (20). 

(b)  Since  u^  e  D[A(0)],  y(Uq)  =  y(G(0)),  hence  the  assumptions  of  the  proposition 
imply  that  we  must  have  G(t)  >_  0. 

1  2 

PROPOSITION  2.4  (Strong  maximum  principle).  Let  f  r  L  [0,T;L  (SI)]  with 

f(t)  0  a.e.  t  e  (0,T],  u0  2.  n  an<3  assume  that  g(t)  >_  e  ty,\j(0).  Then  if  either 
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f  is  not  identically  zero,  we  have 

U,(t,U0,f)  0-t/ ‘u  vt  [0,T] 


Proof  of  Proposition  2.4. 

If  ur>  /  0,  J,u  0.  Hence  in  this  case  the  proposition  follows  fror.  (2.5). 

If  f  /  0  the  proof  is  similar,  starting  from  the  representation  (2.4). 

Remark  2.4.  This  result  was  observed  by  Ting  [23]  for  homogeneous  boundary  data 
and  for  u^  •  0  in  .  It  also  answers  a  question  raised  in  [20]  on  the  possibility 
of  a  strong  maximum  principle  for  pseudoparabolic  equations  with  nonhoznogeneous 
Dirichlet  data. 

We  comment  briefly  on  the  representation  (2.4).  For  simplicity  we  assume 
f(t)  0. 


Setting 


0  ■  Vt,uo  • 


it  is  easy  to  verify  that  (J°  is  a  solution  of 


‘V 


~  (U°  +  ALU0)  +  LU°  =  0 
dt 


v  (U°  (t ) )  =  e't/Ag(0) 


11°  (0)  =  u 


0 


whereas  $(t)  satisfies 


-nr  <* tt )  +  »L*(t))  +  L*(t)  =  o 

at 

(P2)  j  X(*(t))  =  g(t)  -  e‘t/;'g(0) 

♦  (0)  =  0  . 

Therefore  the  solution  u^(»/u^,0)  can  be  separated  into  the  solution  of  the 

pseudoparaoolic  problem  (P^),  and  $(•)  solution  of  a  pseudoparabolic  problem  with 
homogeneous  initial  data  (P2). 
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In  order  to  single  out  some  features  of  this  kind  of  equation,  »  -or..--; 

few  limiting  cases.  Let  u^  •  be  a  sequence  converging  to  zero  in  l"  ' 

•  D(A(0)],  Vn  1*  and  let  u.  (t,u^,‘'0  lie*  the  corresrondir.a  solutions 

(2.4). 

I.  g  (t)  .  1, 

In  this  case  we  have 

ux(t,u£,0)  =  S>  (fc  )Uq  +  (1  ’  e’t/)  +  7  J  J.S,  (s  -  t)  (1  -  e“s/  '  )os 

0 


and  for  all  n  *  IN,  y  <u  ,  (t  >ug ,  0) )  =  1-  As  n  *  »,  u  (t,u",0)  converges  to  the 
"generalized"  solution  of 


—  (u  +  XLu)  +  Lu  =  0 
dt 


V  (u)  »  1  on  r  ,  u (0)  =  0  , 

which  satisfies  y(u(t))  =  1  -  e-t/'  on  r. 

Therefore  the  limit  solution  does  not  follow  any  more  the  boundary  data, 
fact  has  been  observed  in  [11], 


-t/x 


II.  gx  (t )  =  e  '  (0)  ,  g  (0)  >  0. 


In  this  case  G^(t)  =  e  *^3(0)  and  by  {2.4) 
u*  (t,u",0)  =  (t)Up 
Y(u^(t,u",0))  =  e"t/Xg1(0)  >  O  . 

As  n  ->  oo,  u  (•,u",0)  ->-0  in  L2(;2).  Therefore  the  "generalized"  solution  of 
A  u 


<3,1  .,1.  ,1 

—  (u  +  XLu  )  +  Lu  =0 
at 


Y  (u1  (t )  )  =  o”t/^g1  (C) 

UX(0)  =  0 


rhis 
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is  the  identically  zero  function/  in  spite  of  the  fact  that  the  boundary  data  ar*- 
posit ive . 

III.  g^  (G)  0  ,  g^  (t)  >  0  for  t  >  0. 

Since  uQ  0  *  D[A(0)]  the  problem 

u  ■  C([0,T];L2C:));u  +  Lu  .  W1,1(0,T;L2(  )) 

—  (u  +  X.Lu)  +  Lu  =  0 

y  (u  (t) )  =  g  (t)  -  0  t  >  0 
u (0)  =■  0 

admits  a  strong  solution  u2(*,0,0)  given  by 

,  ,  t 

ux(t,0,0)  =  <t(t)  =  G2(t)  +  -  f  JxSx(t  -  s)G2(s)ds  . 

Since  g2<t)  >  0  for  t  >  0,  $(t)  >  0  and  hence 

u2(t,0,0)  >0  Vt  >  0  . 

Consider  now  a  datum  0  <  g2  (t)  <  e  (0)  where  (0)  is  the  datum  in  case  II. 

Then  the  previous  remarks  show  that 

u2(t,0,0)  >  u^(t,0,0)  1  0  , 

in  spite  of  the  fact  that  the  boundary  data  satisfy  the  opposite  inequality. 

These  facts  are  in  striking  contrast  with  the  behaviour  of  the  solutions  of 
the  classical  heat  equation. 

((0  The  case  of  Neumann  boundary  data. 

1/2 

Here  we  assume  =  <p-  bet  p  .  C([0,T];H  (D)  and  consider  the  family 

{ A <t ) }  defined  as  follows: 

t  e  [0,  TJ 
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P !  A  ft )  ]  -U  b"  <  )  :  •  u  =  pit)  ,  Lu  •  L2(:)- 

A(t)u  =  Lu 

(see  117]  for  details) 

Let  G  <  * )  C((0,T];L2(  )),  Kt)  D 1 A  ( t )  ]  Vt  e  [0,T]  be  the  unique  solution 

of 

G(t)  +  XLG  (t )  =  n 

G(t)  =  pit)  on  7  ,  Vt  .  [0,T]  . 

Then  the  operators  A  (t )  are  of  the  form  described  in  part  ,A,  that  is 
D  f  A  (t )  ]  =  D  (A)  +  G(t) 

Vu  D  [  A  (t )  ]  ,  A  (t )  u  =  A  (u  -  G  (t )  )  -  i-G(t)  • 

1  2 

Therefore  for  all  uQ  .  D (A)  +  C,<0)  and  f  •  L  (0,T;L  O)  there  exists  a 
unique  solution  of 

'  u  <  C(I0,T];L2(.7))  ,  u  +  'Lu  ■  W1 ' 1  (0 ,T; L2  (?.) ) 

■  (u  +  XLu)  +  Lu  =  f  ,  u(0)  =  uQ 
=  g  a.e.  on  f 

Moreover  the  solution,  which  will  be  denoted  by  u^(t,u^,f),  can  be  represented  as 
in  (2.4)  with  the  obvious  changes  in  the  meaning  of  the  symbols. 

1  2 

PROPOSITION  2,5.  Let  f  .  L  (0,T;L  (Q) )  with  f  (t )  >_  0  a.e.  t  <r  (0,T], 

Uq  c  D[A(0)],  uq  _>  0  and  suppose  that  p  (t )  _>  e  (0)  a.e.  on  r  and 

Vt  e  [  0  ,T] .  Then 

uA  (t,u0,f)  _>  e't/AuQ  Vt  £  [0,T]  . 

Moreover  if  either  uQ  or  f  is  not  identically  zero,  then 
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Proof  of  Proposition  2.5. 


For  all  t  .  [C‘,?1  ,  0(t)  -  e"t//V.  (0)  satisfies 

|r-(t)  -  e't/'r,( 0)J  +  'LK'(t)  -  e't/,G(0)) 


(2.6) 


[G  (t )  -  e_t/  G  (!> )  1  =  p(t)  -  e‘t/'p(0)  '  n 


Therefore  by  the  maximum  principle,  G  (t ) 


-t/ 


G(n)  '0  Vt  •  |n,T] ,  and  from  (2.4) 


u\(t'Vf>  -  e’t/  un  -  l  (T  J\,n  e"t/Xu0  * 

n'-l 


/  3  (t  -  s)f  (s)ds  ^  0 

0 


The  second  statement  is  obvious. 


Remark  2.5.  The  assumptions  in  Proposition  2.5  do  not  impose  any  signum  restriction 
on  p(t).  In  particular  pit)  could  be  negative,  as  long  as  p(t) 

Remark  2.6.  The  condition  p(t)  e  t//>p(0)  is  not  necessary.  In  fact  the 
following  weaker  assumption  on  p  (t )  is  sufficient  in  order  that  (f  (t)  _>  0  , 
u0  £  °)  ■»  (u  (t,uQ,f )  _>  0) . 

For  all  t  *  ( 0 , T]  let  4.  (t )  be  the  solution  of 

n 


(2.7) 


4.(t)  +  ILy  (t )  =  0 
h  h 

3, >?.  (t)  *  h  (t )  >0  ,  h  *•  L2(r)+  . 

^  l  n  — 


Then  G(t) 


-t/\ 


G(0) 


0  (and  hence  (f  :>  0,  u^  >_  0) 


u^  (t  ,uQ,f )  >  0)1  if 


(2.8) 


/  [p(t)  -  e"t/Xp(0)]y^v,(t))da  >  0 

r  n 

for  all  h  >  0  ,  he  L2((i)+  . 
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Indeed  by  multiplying  (2.6)  by  ^  (t)  and  integrating  by  parts  ar*  1- -i  t 
the  identity 

/  •,  [G  (t)  -  e~t/f  G  (0)  ]  h  d  i  =  /  [p  (t )  -  e_t/ 'p  (0)]  .  [.'h  (t)]d  - 

2  + 

Therefore  if  (2.8)  holds,  from  the  arbitrarity  of  h  L  C)  we  deduce 

Y [G  (t )  -  e_t/ *G  (0)  1  >0  Vt  ■  [0,T]  . 

This  together  with  (2.6)  implies  G(t)  -  e  t^'c(0)  0. 

Remark  2.7.  The  condition  (2.8)  is  in  fact  weaker  than  p(t)  -  e  p  (0 )  >  0. 

This  is  shown  by  the  following  counterexample. 

32 

Consider  L  =  -  — —  in  (0,1),  1=1.  Then  all  the  solutions  of  (2.7)  are 
3x 

given  by 

(2.9)  ’'A  B  =  Bchx  “  Ashx  #  A  0  ,  Btghl  _>  A 

The  function 

x  =  0 

x  =  1  on  910,1] ,  satisfies 

/  p  •(  >.  0  for  all  y  given  by  (2,9) 

3(0,1] 

The  above  can  be  restated  by  saying  that  the  cone  (yly^)  ;  h  ...  L^(D  +  '‘  is 
2  + 

not  dense  in  L  (r)  . 

Remark  2.8.  It  is  not  difficult  to  show  that  a  necessary  condition  is  the  following 
( (f  2.  0  <  u  >  CO  **  u,  (t , u  , f )  >  0]  »  J  /  [p  ( T )  —  e  1//Xp(0)]dadT  >.  0  • 

u  a  o  o  r 

Remark  2.9.  Results  similar  to  the  ones  in  Theorem  2.1  and  Propositions  2. 3-2.5, 
can  be  obtained  for  the  case  of  mixed  boundary  conditions. 
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(  t  )  L  (..')-estimates. 

We  briefly  indicate  how  the  previous  results  can  be  used  to  obtain  a  prior: 
estimates  on  the  solution. 

For  simplicity  we  take  A  =  -A  and  f  =  0,  and  consider  the  problem 


(2.10) 


Set 


■$r  [u(t)  -  XAu(t))  -  fiu(t)  =  0  in  L2  (  . ) 
dt 

Y  (u  (•  ) )  =  g(-)  «  CdO.TJ  :  H3/2(r)> 

u(0)  =  uQ  ,  y  (u  )  =  g(0) 


sup 

t-:  [o‘,T] 


g(t)  -  e~t/Xg  (0) 


1  -  e 


-t/X 


L  (D 


=  M(T> 


PROPOSITION  2.6.  The  solution  u 


:'u(t) 


-  max 

L"  (  .' ) 


of  (2.10)  satisfies  the  estimate 

!M(T)  ,  ||  un  ||  }  ,  Vt  ,  [0,T] 

b  (o) 


Remark  2.10.  The  quotient 


g  (t) 

1 


e~t/Xq(0) 

e-vx 


=  g  (t) 


e"t/X 

+ - 177  (g(t)  -  g  to)  j 

1  -  e  VX 


converges  to  g(t),  t  (0,T)  as  X  -*  0.  Hence  for  X  =  0,  as  a  limit  case  we 

find  the  known  estimate 

u(t)  ||  w  <  max  {  sup  j|g(t)  ||  ,  ||u  ||  ^  } 

b  (0)  tr(0,T]  L  (F)  b  Cl) 

for  the  solution  u  of  the  classical  heat  equation. 

Proof  of  Proposition  2.6. 

Set  k  =  max{M(T),  |)u.  ||  }.  If  k  =  ~  then  the  statement  is  vacuous. 

t"«« 

Let  then  k  <  «,  and  set  v  =  k  -  u.  It  is  immediate  to  verify  that  v  solves 
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—  tv  -  lAv)  -  Av  =  0  in  "  X  (0,  T) 
at 

•y  (v )  ■  k  -  g 


v(P)  *  k  -  uQ  0  ,  y(v^)  =  k  -  g(0) 


For  the  particular  choice  of  k,  y(v)  satisfies 

y  (v  (t) )  >  e  t/,Xy  tv  (0) ) 


Hence  by  Theorem  2.1,  u(t)  k  in  Ct  x  |0,T]  .  The  bound  from  below  is  derived 
analogously. 

An  estimate  of  the  same  nature  can  be  derived  on  the  gradient  of  u.  Suppose 
u  satisfies  the  first  of  (2.10)  and  assume  that  we  are  given  the  functions 
~  |  =  p.(t)  e  C([0,T];H1/2(r)) .  Set 


i  r 


M (T)  =  sup 
t<r(0,T) 
l<i<n 


P.  <t>  -  e"t/Xp.  (0) 
i _  l 


1  -  e 


-t/1 


L  (D 


Then  u  1  <_  i  <_  n  are  solutions  of 
i 


—  (u  -  XAu  )  -  Au  =0  in  fi  x  [0,T) 

dt  X .  X ,  X , 

111 


y  (u  (t) )  =  p.  {t )  vt  '  (o ,T] 
i  1 


u  (0)  =  u 
x.  0 

l  x. 


From  Proposition  2.6  we  easily  deduce  the  estimate 

<  max  (M(T)  ;  II  7u 


V  u  (t) 
1  x 


l  (a) 


0  11  00 

L  (0) 


Estimates  of  the  same  kind  can  be  obtained  for  more  general  operators  A  and 
f  ¥  0.  However  they  fall  beyond  the  scope  of  this  work. 
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) 


t':t  ;  ropcrtifs  of  maximum  principle  for: 


— -  t  :  •  -M)  -  Au  f  ,  uP>  «  un  ,  Au  ( 0 )  =  wo  , 

i.  a  : . i..?i :  1  x:,c-ai  :  crturhat ion  of  .  Let  .*  be  a  maximal  monotone  operator 

N 

E  (sei  [7])  and  a  bounded  open  set  in  F  .  We  successively 

A  -  "  in  :*{  )  ,  that  is: 

■  *  .  '  l.1  f  )  ;  ah.  W 1  (  . )  with  w  =  -Ah  ,  h(x)  ■  ^(u(x))  a.e.  x: 


°  3u 

i  H*”  l  . )  ,  -  —  *  S  (u)  a.e .  on  ,  w  =  -Au  r 

.^n 

*  ”  i r»  Lfc  (  )  ,  that  is: 

....  :f  (  )  :.*■  '  )  ;  ah  L“  {  )  with  -Au  +  h  =  w  ,  h  (x)  »(u(x))  a.e.  x' 

12  2 

•  ■:  •  ut or-  are  m-accretive  in  L  (.i),  L  L  (&)  respectively 

•  .  !r:})  and  satisfy  the  maximum  principle  in  various  forms  (see  [9],  [5]); 

. pip  ,  t]ji  ,  if  i  is  the  solution  of  the  associated  parabolic  equation: 

>  {  )  ^7-  +  Au  f  ,  u  (0)  =  u  , 

(it  u 

t:.«n:  ij  ",  f  _  '))  =•  (u(t)  _  0).  This  is  not  generally  the  case  for  the 

solutions  jf  <PP):  here,  we  give  in  each  of  the  cases  (a),  (b) ,  (c)  a  necessary  and 

sufficient  condition  on  c  in  order  for  (PD)  to  have  such  a  property. 


A)  Case  (a):  A  = 

This  case  is  a  "good"  one  in  the  sense  that  (PP)  satisfies  properties  of 
maximum  principle  without  any  extra  assumption  on  fi. 

we  denote  by  A  the  m-accretive  operator  in  (fi)  defined  in  (a).  By  the 
results  of  the  section  1,  for  f  <■  (0,T;  l}  (fi) ) ,  !uq'wq)  c  A  and  X  >  0, 


there 


exists  a  unique  solution  of: 


(E,  )  (u  -  -  A/u  =  f  ,  u(0)  =  ,  -~;u{0)  =  w_ 

1  at  u  1 ' 

We  denote  it  by  (• ,u  , w^ ,f ) . 

Remark  3.1.  The  equation  (E^)  represents  a  model  of  diffusion  in  fractured  porous 
media  and  also  a  nonlinear  model  for  a  two  temperatures  theory  of  heat  conduction 
(see  Showalter  f 18 3 ) . 

PROPOSITION  3.1.  The  following  implications  hold: 

<i)  (uQ  >0  ,  f  _>  0)  =>  (Vt  <  [0,T]  ,  VwQ  AuQ  ,  u,  (t,uo#wQ,f )  _•  0) 

(ii)  (|u  |  1  k)  *  <¥t  r-  10, T]  ,  Vw Q  c  Auq  ,  ju^  (t,u0,wQ,0)  !  <_  k) 

Remark  3.2.  we  note  that  the  results  above  carry  over  to  more  general  situations. 
Namely  they  remain  valid  for  equations  such  as 

(u  -  XA2u)  -  A yu  >  f 

where  y  is  another  maximal  monotone  graph  with  0  £  y(0).  Moreover  -i  could  be 
replaced  by  any  linear  operator  L  in  L1  (f 1)  satisfying  the  following  "maximum 
principles"  (Here  sgn+  denotes  the  maximal  monotone  operator  defined  by: 

0  if  r  <  0 
sgn+r  =  ■  (0,1)  if  r  =  0 

1  if  r  >  0  )  . 

00  + 

Vu  £  D  (L)  ,  Vw  e  L  (ft )  with  w(x)  <  sgn  u(x)  a.e.  X  * 

/  wLu  j>  0 

Q 

00  + 

Vk  ^  0  ,  Vu  €  D(L)  ,  Vw  £  L  (J5)  with  w(x)  e  sgn  (u(x)  -  k)  a.e.  x 

(M) 

/  wLu  0 

n 

In  19),  it  is  shown  that  (M )  is  satisfied  for  operators  such  as: 
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n  n 

Lu  «  -  7  (a.  .  (x)u  )  +  7  (b.  (x)u)  +  a„u  , 

,L,  ii  xx  L  i  x  0 

i,D  i  j  1=1  i 

with  D(L)  =  {u  <  Wq'1!;;)  ;  Lu  f  L1  }  and: 

a,,  .  b  «  C1  <n>  ,  a  '  L“(Q)  ,  an  >  0  ,  a  +  7  (b.  )  >0  a.e. 

1J  1  0  0—  Orix.  — 

l  1 

Maximum  principles  of  type  (M)  for  nonlinear  operators  have  been  extensively 
studied  in  [5]  and  (6J. 

The  proposition  is  a  particular  case  of  the  following  results  which  holds 
for  any  measured  space  .0. 

Theorem  3.1.  Let  L  be  a  linear  operator  on  L*(~),  i,  v  two  maximal  monotone 

graphs  in  E  x  ]R  containing  the  origin  and  f  L1  (0,  Tj  L1  ( “ ) ) .  Let 

u  e  c ( [0,T] jL1 (n) )  satisfying: 

ah  ,  he  L1(0,T;L1(C)  with  h(t)  €  £(u(t))  ,  h(t)  (u  (t ) )  a.e.  t 

■  h  (t)  ,  h  (t)  e  D  (L)  a.e.  t  ,  u  +  \Lh  W1 ' 1  (0 ,  T;  L1  ( ) ) 

tu  +  XLh)  +  Lh  -  f  . 
at 

Then: 

(i)  If  L  satisfies  (MQ): 

(u  (0)  >_  0  ,  f  >_  0)  -  (Vt  [0,T]  ,  u  (t )  ^  0)  . 

(ii)  If  L  satisfies  (M)  and  f  =  0: 

( |  u  (0)  |  <k)  -  (Vt  .  10, T]  ,  ’u(t)!  k)  . 


Proof  of  Theorem  3.X. 

Formally,  the  idea  of  the  proof  of  (i)  is  to  multiply  the  equation 
sgn  (lht  +  h)  =  "sgn  ( \ ,'•  (ulu^  +  >(u))",  where  sga  r  =  sgn+(-r'. 

We  will  do  this  in  an  approximated  way.  For  »•  -  0,  set 

(3.1)  n(t,»)  *  — t-)  —  (t-~-  -I  +  \l  h—  ~  —  ~  —  +  Lii(t>  -  f  (t) 
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As  u  +  Lh 


(3.2) 


W* (0,T; L^ (  )),  (3.1)  and  the  equation  yield: 

,T 

lim  j  J  ' '  (t,  )  =0 

+■ 

'0 


For  t  and 


=  1 


(3.3) 


we 

consider  w 

L 

(  )  de lined  by: 

1 

on 

(h  (t) 

n] 

( (h  (t )  =  01 

(u(t) 

■  0]  ) 

1  0 

l 

on 

[h  (t )  • 

0] 

(|h(t)  =  01 

lu(t) 

_  01  ) 

and 

since  h(t) 

i  (u  (t)  )  a.e  .  on 

w  • 

u(t)  = 

-u 

( t )  a.e.  on 

oo  —  h(t~  i  ) 

Next  let  w  L  (  )  with  w  sqn  ( ' - +  .  { t ) )  such  that  w  »  w  on 


(h  (t )  =  h  (t  -  O).  Since  h(t)  .  (u(t)),  h  (t  -  ■)  •  (u  (t  -  )>,  the  monotonicit 

of  sgn  gives: 

u  (t )  -  u  (t  -  >  )  ,  u  (t )  -  u  (t  -  ) 


(3.4) 


w  a . e .  on 


Multiplying  (3.1)  by  w,  integrating  over  and  taking  in  account  that  f  2.  n 
and  the  condition  M^,  we  obtain: 

(3.5)  -  /  !  n  ft ,  •  ,  |  -_!  . 

The  inequalities  (3.5),  (3.4)  and  (3.3)  imply: 

-  /  |n(t,')|  !  \  (-u  (t)  -  wu  (t  -  >))  ■_  i  [/  u  (t  -  t)  -  /  u  (t )  ] 

Letting  £  -  0,  by  (3.2)  we  have: 


This  proves  (i). 


4-1  u'(t)  ••  0  in  P’  ( ]  0 ,T  [ ) 

dt  ,,  - 
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a  suitable 


rhe  proof  of  (ii)  is  exactly  the  same.  We  multiply  (3.11  by 


selection  w  out  of  sgn  [i 


+  .  h(t)  -  h(t  -  -_) 


+  h(t)  *  •})  where 


(k)  and 


k  •>  0  is  to  be  selected.  First  we  choose  w  •:  sgn  (h(t)  -  v)  such  that 
(u(t)  -  k)w  =  (u(t)  -  k ) +;  then  we  select  w  with  the  requirement  that  it  agrees 
with  w  on  the  set  |h(t)  =  h  (t  -  >■:)].  Then,  the  same  computation  as  above  gives 
(this  time  we  use  (M)): 


.  u(t)  -  u(t  -  e)  r  u(t)  -  u(t  -  e) 

j  - - - w  if - ; - 


i  1 


This  implies 


-  (/  (u(t)  -  k )  *  -  (u(t  -  r)  -  k)+]  <_  /  |  n  (t ,  e )  j  . 


When  £  goes  to  0,  by  (1)  we  obtain: 

rjjr  I  (u(t)  in  V  00, TO  . 

Choosing  k  =  !|u(0)  j|  in  the  above  gives  a  bound  from  above  for  u(t).  The  bound 

from  below  is  found  analogously. 

B)  Case  (b) :  "A  =  "-j"  with  nonlinear  boundary  conditions 

Here  is  a  bounded  open  set  with  a  smooth  boundary  r  and  8  a  maximal 

monotone  operator  on  F  *  F  with  0  <■  8b  (8^  denotes  its  minimal  section).  Then 
the  operator: 

A  =  ■'  [u,w)  r  L2  (;,)  x  L2  (d)  ;  u  H2  (p)  ,  -fiu  =  w  ,  -  ~  r  8(u)  a.e.  on  r}  , 

3n 

where  —  denotes  the  outward  normal  derivative  on  r.  is  m-accretive  (or 
3n 

maximal  monotone)  in  L2(p)  (see  (81).  By  the  existence  results  of  the  section  1, 
for  any  u  ■  D(A)  and  f  I.ho,T;L2(p))  there  exists  a  unique  solution  of 


—  (u  -  >.Au)  -  Au  =  f  ,  u(0)  =  u  ,  (1  >  0) 

nZ  u 


1  -  - —  '  8(u)  a.e.  or  I’ 

v  in 


Wfe  denote  it  by  u  (t.u^.f). 
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Theorem  3.2.  The  following  statements  are  equivalent: 

(i)  VuQ  .  D  (A) 

(vi  _  °)  ~  (Vt  ,  [0,T]  ,  u,(t,u  ,0)  _  0)  . 

a0  (r ) 

(ii)  The  application  [r  ■  )0,*>(  D(£)  -  - —  ■  ]  is  nondecreasing 

(iii )  VUQ  ■  D  (A)  ,  vf  ■  L1  (0,T;L2  (.:) ) 

(uQ  >  0  ,  f  >  0)  ■»  (Vt  f  [0,T]  ,  u  <t,u  ,f>  _>  0)  . 

Moreover,  if  (ii)  is  satisfied: 

(iv)  (u0  >  0  ,  f  >  0  and  uQ  ^  0  or  f  t  0)  ■» 

*  (ux<t,u0,f)  >  e  t/XuQ  Vt  s  J 0, T] ) 

Remark  3.3.  It  is  rather  surprising  that  (ii)  is  the  necessary  and  sufficient 
condition  for  the  property  of  maximum  principle  (i).  Even  more  surprising  is  that 
it  is  independent  of  Note  that: 

(B°  convex  on  [0,“]n  D  ( 8 ) )  =>  (ii)  ,  and 

(ii)  *»  !Vr,s  e  [0,“!  ,  S°  (r  +  s)  _>  6°(r)  +  3°  (s ) ) 

Moreover,  it  is  easy  to  verify  that  B  satisfies  (ii)  if  and  only  if  its 

Yosida  approximations  do.  This  is  equivalent  to: 

Vu  >  0  ,  a.e.  B  (r)  <  r8'  (r) 

V  —  u 

Of  interest  is  also  the  following  proposition  which  supplies  a  condition  on 
Ug  (independent  of  8)  that  insures  the  nonnegativity  of  u^l’ju  ,f). 

PROPOSITION  3.2.  let  uQ  e  D(A),  u^  >.  0  and  let  G  be  the  solution  of 

G  -  1AG  =0  ,  G  =  uQ  a.e.  on  3(3 

Then: 

<uQ  >  G)  -  (Vf  >  0  ,  Vt  f  [0,T]  ,  u>  (t,u0,f)  >  0)  . 
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Remark  3.4.  The  condition  above  is  similar  to  the  one  in  [20]  or  in  the  rrorositicr. 
2.3  here  for  the  case  of  Dirichlet  boundary  data. 

In  particular,  if  u^  =  0  on  T  and  uQ  0,  then  u,  (t,Uy  •  c  without 
any  extra  assumptions  on 

The  main  tool  in  the  proof  of  (i)  =»  (ii)  in  the  theorem  3.2  is  the  next 
proposition  also  true  for  any  8.  (We  denote  v+  =  max  (v,0)). 

PROPOSITION  3.3.  Let  uQ,  uQ  e  D (A)  satisfying: 

3u_  3u„ 

~  .00 

u.  =  u.  and  — —  =  — —  a.e.  on 
00  3n  3n 

Then  if  u  =  u^(-,uQ,0)  and  u  =  u^f-.u^O): 


(u  -  e  t/Xu  )  -  (u  -  e-t/Xu  )1  +  || 

L  <fl) 


1  (sinh  -  )  ]|  (uQ  -  uQ) 


In  particular: 


(u  -  e  t/Xu  )  -  (u  -  e  t/XuQ)  ||  ,  £  (sinh  j)||u  -  u  ’|  , 

°  °  L2(!3)  \  0  0  l2(.. 


UQ  £  UQ  =»  U  (t  )  ^  U  (t )  Vt 


u(t)  -  u(t) 


|  2  i  (cosh  -  )||u  -  U  II 

L  <fl)  *  0  °  L2(f>) 


Remark  3.5.  As  in  remark  3  of  the  section  1,  let  us  denote  S,  (t)u  =  u,  (t,u  .0) 

-  10  10 

3/2  1/2 

the  "pseudoparabolic  semigroup"  associated  with  A.  For  any  [h,k]  e  H  (D  *  H  (?) 
with  k  e  8(h)  a.e.  on  3(1,  we  set: 

,  3U0, 

Dh  k  =  fuo  f  D(A)  ’  un  “  h  '  _  "77  =  k!  • 

h,k  0  °|  3(1  3n|3.1 

Then  the  proposition  3.3  says  that  the  restriction  of  (t)  to  any  Dh  k  is 

a  Lipschitz-continuous  application  from  D,  ,  into  D(A>.  Since  D.  .  is  dense 

n ,  K  n  ,  K 

2  -  2 

in  L  (ft) ,  any  such  restriction  can  be  continuously  extended  to  D(A)  =  L  ().  In 


i 


general  for  nonlinear  such  extensions  night  be  different  as  shown  by  the 
corollary  3.1  and  their  value  at  night  bo  different  from  S.(t)0. 

Moreover,  this  j  roposition  says  that  the  restriction  of  5  (t )  to  each  0V  ^ 
is  nondecreasinq  even  though  such  a  pro:  orty  need  not  be  true  for  S  (t)  itself 
even  if  satisfies  condition  (ii)  of  theorem  3.2. 

The  proof  of  these  results  employs  an  integrated  form  of  [K^)  as  given  by  the 
following  lemma: 

Lemma  3.1.  Let  u  be  the  solution  of  (F'0),  then  v  -  u  -  e  ^  un  is  the  solution 
of 

j  V  -  V.v  «  7  /  c("t>'"(v(-)  ♦  -f(-))d:  ♦  \  C_t/'u 

!  o 

,uo 

where  k  =  -  -7 —  .■  (u  ) . 

0  >n  0 

Proof  of  lemma  3.1. 

We  write  (E^)  as 

—  (u  -  '  'u)  +  —  (u  -  ■  \u)  =  —  (u  +  >f)  , 

t/\ 

multiply  by  e  and  integrate  over  (0,t)  to  obtain: 

u(t)  -  XAu(t)  =  e_t/)  (u0  -  >Au0)  +  J  J  C(  “t}/‘(u(0  +  >fO))do  . 

0 

- 1/) 

By  setting  u('i)  =  v(;)  +  e  the  lemma  follows. 

Proof  of  the  proposition  3.3. 

1/2  1/2 

For  (h,k)  H  '  C)  *  H  '  (!  )  with  k  •  .  (h)  a.e.  on  T,  given  t  ^  (0,T) 


I  - 

I  m 


(v 


-t/ 


u  )  -  e 


-t/  ■ 


fixed,  consider: 


h  and 


k  a  .e  . 


Let  ■  D(A)  with  u  = 
0  0 


on  F  (such  an  u 


exists  -  see  116]  -).  Then: 


„  ,  t  ,  -t/\  -t/> 

[v,w]  -  A  ~  [v  +  e  u^,w-e  AuQJ  ’  A 


t  2 

Hence  A  is  maximal  monotone  in  L  (.:)  and  v  satisfies  (*)  if  and 


(**) 


(I  +  XaS-1^  /  e(0't!/>  (v(a)  +  Xf(:0)do  +  -  e_t/ V]  . 

*  0  o 


Since:  Vv,  v  e  D  (A  ) 


,-t/V 


-t/x„ 


/  (v  -  v)  +  (-A(v  -  v) )  =  j  (v  -  v)  +  (8(v  +  e  w  'h)  -  btv  +  e  ^  Ah) ) 

d  r 


we  see  that 


Vv,v  D(At)  ,  j  (v  -  v)+(Atv  -  A**v )  _>  0 

Q 


Therefore,  if  v  =  (I  +  XAfc)  ^9  and  v  =  (I  +  XA*")  '*'9,  multiplying 


v  -  v  +  X(A  v  -  A^v)  =  0  -  § 


by  (v  -  v)  ,  we  deduce: 


(v  -  v)  ’  ||  „  £  ||  (9  -  9) +  |] 


1  2 
lz(q) 


L2  (!2) 


Suo  3uo 

Now  if  u„  and  u„  satisfy  u_  =  u„  and  — —  =  — —  a.e.  on  P, 

0  0  0  0  3n  3n 


v(t)  =  u^(t,u0<0)  -  e  t'/>'n0r  v(t)  =  Uj(t,u0,0)  -  e  t/,Au0,  by  lemma  3.1, 


=  (I  +  XAt)"1!^  /e(a“t)/Av(o)do  +  ^  e'VV 


*  0  X  ' 

/  JO'O/X',  |  .  b  -t/X 


v  =  (I  +  XA^)  ^  /  evu-t' '  v  (o)do  +  \  . 


always 

only  if 

>  0  , 


and  if 

we  have 


for  the  same  operator  A  .  Hence,  from  the  above  inequality,  we  obtain 


(v  -  v)+  ||  (t)  <7/  II  (v  -  v)+  |! 

L  (.  )  ’  0 


2  (')d'  +  T  e  t7'  ■  (uo  ■  V  +  , 

L  (.;)  '  L“  (  ) 


Since  —  e  <_  1  -  e  ,  this  proves  that  j|  (v  -  v)  +  ]]  (t )  is  majorized  bv 

X  L 


$(t)  =  (sinh  |  ).  Ij  (uQ  -  uQ)  +  || 


l2(q) 


,  the  solution  of 


,  c 

tj>  ( t )  =  —  /  <(i(a)da  +  (1  - 


-t/x 


>li(u0-V  !'l2  • 


This  gives  the  first  inequality.  The  others  follow. 

Proof  of  (i)  =»  (ii)  in  theorem  3.2. 

3U0  0 

I*t  u  €  D  (A)  be  fixed  with  -  — -  =  keg  (>0,  >  0  and  let  (y-  )  be  a 

v  dn  u  u  u  — ■  n 

nondecreasing  sequence  of  nonnegative  functions  in  c”(;i>  converging  to  1  a.e. 
in  51.  Then  setting  u£  =  uQ  (1  -  ^),  u"  converges  to  uQ  in  L 2<n),  and  for 
all  n  «  W, 


3u 


u„  =  u„  and 
0  0 


0 

3n 


9U0  . 

IT =  *0  on  r  ’ 


_  .  n  ,  n  ,  n  n  -t/X  n  .  . 

Set  u  =  u^(*fUg,0)  and  v  *  u  -  e  uQ.  Then  by  the  proposition  3.3, 

vn  converges  in  C  ( [0,T] ;L^ (ft) )  to  and  by  (**)  (see  the  proof  of  proposition 

3.3): 


v  (t)  =  (I  +  XAfc )-1  [i-  /e(0"t)/Xv  (o)dol 

00  \  J  00 


where  A  is  the  operator  "associated"  with  u^;  that  is: 


<*> 


v  (t)  -  XAv  (t )  =  i  /  e*°  (c)dc 

co  co  A  •  oo 


3v»<t)  -t/x  -t/x. 

— r -  c8(v  (t)  +  e  '  V)  -  e  VV  a.e. 

on  »  0  0 


on  3il 
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converges  to  0  in 


Now,  if  we  assume  (i),  un(t)  >_  0  Vn,  vt  and  since  u^ 

L2(i2),  un  converges  to  v  in  C{[ 0,T)  ,-L2  (.7) ).  Therefore: 

Vt  e  10, T1  ,  v  (t)  >  0  . 

00  — 

Integrating  (*)  over  Q,  we  have: 

oo 

/  v  (t)  +  X  /  k(t)  -  e"t/Xk  -  \  f  [  e(0_t)/>v  (c)d?  , 

n  "  r  0  x  n  o 

with  k(t)  (  g(v  (t)  +  e  ^  Xu )  (and  k.  e  s°(u„)i.  Since  v  (t)  converges  in 

00  0  0  0  00 

2 

L  (n)  to  0  when  t  goes  to  0,  we  deduce  (assuming  ufl  >  0  on  T>: 


,  .  1  ,  f  0  .  -t/X  . 

lim  sup  ~  J  \  8  (e  uQ>  - 

+  T  L 


e  t/,XB°(u0)  <  0  . 


Now,  let  r  £  ]0,»(n  D(fi).  There  exists  uQ  £  D (A)  with  uQ  >_  0,  u^j  =  r  and 

3U0 

-  c  8  (r)  (see  [17]).  Applying  the  inequality  above  with  this  choice  of  uQ: 

Vr  >  0  ,  lim  sup  (8°(e  t^i)  -  e  t/,X£°(r>)  0  , 


vr  >  0  ,  lim  sup  i-  l  -  ■§-—  J  <  0  . 

t->0+  e  r 

o®  (r )  g®  (r ) 

This  and  the  next  leimia  applied  to  g  (r)  *  — - —  imply  that  r  -»  — — —  is 
nondecreasing  on  ]0,»[n  D(S). 


Lemma  3.2.  Let  g  :  (0,a)  ■+  K  possessing  at  each  r  <  (0,a)  left-limit  g  (r  ) 

and  right-limit  g(r+)  satisfying 

Vr  £  (0,a)  g  (r)  <^g(r+) 

Suppose: 
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Vr  (0,a)  ,  lim  inf 


g  (r  -  h)  -  g  (r)  <  Q 

h  — 

h-0+ 

Then  g  is  nondecreasing  on  1,0, a). 

Proof  of  lenroa  3.2. 

Set  rQ  =  inf  (r  Ir^.r^]  ;  g(r)  j^gtr^)  +  f  (r^  -  r)  :  where  c  is  an 

arbitrary  fixed  positive  number.  To  prove  the  lemma  we  will  show  that  r^  =  r^. 

If  r^  <  <  tj,  then  by  definition  of  r^  and  g(rQ)  j^g(r*): 

g(r0,:9(r2l*t(r2-r0)  . 

g(rQ  -  h)  -  g  (r Q ) 

Setting  a(h)  =  - - - ,  above  yields: 

g(rQ  -  h)  <_  g  {r^ )  +  c  (r2  -  (rQ  -  h) )  +  h(a(h)  -  e)  . 

Since  lim  inf  a(h)  <_  0,  there  exists  h  >  0  such  that  r  -  h  <•  [r^,^]  and 

h-0+ 

g(rQ  -  h)  ig(r2>  +  e  (r2  -  (r0  -  h ) )  . 

This  contradicts  the  definition  of  r^.  Hence  r^  =  r^. 

As  a  corollary  of  the  proof  of  (i)  =  (ii)  in  theorem  3.2,  we  obtain  the 
following:  let  S^(t)  denote  the  pseudoparabolic  semigroup  associated  with  A  and 

defined  from  D(A)  into  itself  (see  remark  3  in  section  1);  suppose  3  is 
differentiable  at  the  origin  (for  simplicity).  Then: 

2 

Corollary  3.1.  The  semigroup  S^(t)  can  be  continuously  extended  to  L  (11)  for 
all  t  f  (0,°o[  if  and  only  if  ?.  is  linear. 

Proof  of  corollary  3.1. 

From  the  proposition  1.2,  S^  (t)  is  a  contraction  for  any  t  if  6  is  linear. 

2 

Now  suppose  that  S^(t)  can  be  continously  extended  to  L  ((!).  Let 
uq^D(A)  and  u"  =  uQ(l  “  '  defined  as  in  the  proof  of  (i)  »  (ii)  above.  Then, 

u11  (t)  =  S^(t)u"  converges  to  S^(t)0  =  0.  But  we  also  know  that  u°  converges 
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3V^  (t  ) 

to  v  solution  of  (*)  .  Hence  v  (t)  =  o  and  - - -  =  0 

00  00  00  3n 

is  arbitrary  in  D{A),  we  deduce: 

Vr  --  D(3)  ,  vk  C  5(r)  ,  Vt  .  (0,»[  ,  e_t/>k 


for  any  t.  As 


3  <e 


-t/> 


r) 


u 


0 


This  is  also: 

Vr  *  Dig)  ,  V\  10,1]  ,  X3(r)  i  ?(Xr)  . 

This  property  together  with  the  differentiability  in  0  yields  the  linearity  of 


Proof  of  (ii)  (iii)  in  theorem  3.2. 

Suppose  uQ  0  and  f  >  0;  then  v  =  u  -  e  t/'  'u^  is  a  solution  of  (*)  in 
lemma  3.1.  Multiplying  this  equation  by  v  ,  we  obtain: 

/  (v  )2(t)  +  j  (W  )2(t)  J  v  (gtv  +  e  fc/V)  -  e  *^*k  )  *  T  f  v  (t)  j  v  (a)di 

o  q  r  *  n  o 

By  (ii),  on  the  set  !v  <  0)  n  (u0  >  0): 


S  (v  +  e  t/XuQ)  <  6°(e  t//AuQ)  <^e  t/Xg°(u0)  <_  e  t/AkQ 


and  on  the  set  [v  r  0]  n  [uQ  =  01 

6<v  +  e't/Xu0)  <  g(o')  <  e"tAkQ  (k0  r  8(0))  . 


Therefore 


-2  1-^-  1- 
/  (v  )  (t)  <  -  /  v  (t)  /  v  (o)do  £  -  || v  (t)  ||  •  /  1 1 v  (o )  II  do  , 

■  Si  Si  0  A  L  (II)  o  L  (fl) 


By  Gronwall  lentna,  Vt,  v  (t)  =  0  and  hence  v(t)  >_  0. 

If  either  f  t  0  or  u^  i  0,  as  I  -  XA  satisfies  a  strong  maximum  principle, 
from  equation  (*)  we  deduce: 

Vt  >  0  ,  v  (t )  >  0  . 

This  proves  (i)  and  (iv) 

As  the  implication  (iii)  *»  (i)  is  trivial,  the  proof  of  the  theorem  3.2  is 
complete . 
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Proof  of  Proposition  3.2. 

Let  us  consider  H  the  solution  of: 


~  (H  -  AdH)  -  AH  =  f 
{  -  f  -r(H)  ,  H(0)  =  u0  -  G  , 


(where  G  is  defined  in  the  proposition)  and  y  the  maximal  monotone  graph 
defined  by: 


y  (r ) 


$  r  >  0 

(0,  o°J  r  =  0 

0  r  <  0  . 


2 

The  initial  data  uQ  -  G  belongs  to  H  (K) ;  moreover  as  uQ  -  G  =  0  on  T 

3  3 

and  u  -  G  >  0  on  Q,  -  — —  (u  -  G)  >  0  on  T;  hence  -  — —  (u  -  G)  *  y(0)  = 

u  —  an  u  —  dn  o 

=  y^u0  ~  G)  a.e.  on  r  and  the  problem  above  can  be  solved  for  H. 

Since  y  satisfies  the  condition  (ii)  of  the  theorem  3.2  and  since 
H (0 )  ^  0,  f  ^  0,  for  all  t  «  (0,T]  ,  H(t)  ^  0.  We  will  show  that 
u(t)  =  u^(t,uQ,f)  ^  H(t)  for  all  t  e  10, T], 

Set  w  =  u  -  H  and  multiply  by  (w  -  Ad w)  the  difference  of  the  equations 

defining  u  and  H  to  get: 


/  (w  -  Adw)”  ~~  (w 


Adw)  +  f  (w  -  Aiw)  (-dw) 

SI 


0  . 


Since  Va,b  e  »  (a  +  b)  b  <_  a  b,  above  yields: 


ii-/ 

2  3t  ' 


( (w 


Adw)  )2  (t)  £  -  /  w  dw 


/  w  /  |vw  |2  «  /  w  (k  -  k)  -  f  |  Vw  | 2  <  -  /  |  Vw  | 2  <  0  . 

r  n  r  a  n 

Here  we  used  the  fact  that  k  <  y(H)  is  nonnegative  and  h  •  P(u)  is  nonpositive 
on  the  set  [w  <  0]  »  (u  <  Hi . 
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From  the  definition  of  w  and  H,  we  have  w(0)  -  XAw(O)  =  0,  so  that 
above  implies  w(t)  -  XAw(t)  0  for  all  t  [0,T1.  This  in  turn  implies 
w(t)  _>  0  and  u(t)  >  H (t )  _>  0  for  all  t  «  (0,T). 

Remark  3.6,  The  idea  of  the  proof  of  u  >_  H  is  the  following:  if  two  operators 
and  A^  are  comparable  (in  some  sense)  and  if  the  "thermodynamic”  data 
u.  (0)  +  XA^in  (0)  can  be  compared,  then  also  the  respective  solutions  and  u, 

can  be  compared.  Here  we  used  the  fact  that  -  <_  7. 


C)  Case  (c):  "A  -  -A  +  6" 

2 

Here  we  denote  by  A  the  m-accretive  operator  defined  in  (c),  on  L  ('.), 

12 

(ft  bounded).  For  any  (Uq.w^J  ■:  A  and  f  L  (0,T;L  (.".)),  there  exists  a 
unique  solution  of 


(V 


-j-  (u  +  ),  (-Au  +  Ju>)  -  Au  +  -u  -  f  , 


u(0)  »  u„ 


“0  '  o' 

\ 

We  denote  by  u  ( • ,u0,wQ, f )  such  a  solution 
Theorem  3.3.  Suppose  that  either 


Au  (0)  +  -u(0) 


(i)  D  ( S)  c  (0,»[  ,  or 

(  :^(r)  ^ 

(ii)  the  map  ••  r  >  ]0,“t  '  D(.<)  -»  \  ■L— —  +  In  r  >  is  nondecreasing  . 


Then 


(iii) 


VuQ  ■  D(A)  ,  Vw0  .  AulO) 


|  luc  ^  0  ,  f  M1)  "  (U(  (t  ,UyU\,,f  1  A.  0  Vt  -  I'1'"!  ' 

In  particular  if  ,'(•)  satisfies  (ii)  then 


If  in  addition  the  map 


j^r  •  Ii\-v(  ■  p  ( :)  v  .-  ( r '  is  single  valued  and 


continuously  differentiable,  then  (iii)  "*  (ii). 
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Remark  3.7.  (a)  Condition  (ii)  is  similar  (but  weaker)  to  the  condition  (ii)  of 

the  previous  case  B. 

2 

(b)  Here  we  could  also  replace  -A  with  any  linear  operator  L  in  L“  (. ;) , 
satisfying  the  maximum  principle  (>’.  )  in  3.1. 

The  proof  of  the  theorem  employs  the  following  integrated  form  of  (E^).  We 
denote  by  hQ  Bu^  that  element  out  of  the  set  ;'Up  for  which  wQ  =  -AuQ  +  l>g- 

Lemma.  Let  u  be  the  solution  of  (E^).  Then  v  =  u  -  e  ^''u  satisfies 

(3.6)  v  -  XAv  +  Xy(t,v)  -  A  j  e*S  (v(s)  +  Xf(s))ds  , 

A  0 

where  y(t,v)  »  6  (v  +  e  t/,Au0)  -  e  t,/A  (h0  +  ■—  uQ) 

proof  of  the  Lenma . 

W6  write  (E^)  in  the  form 

(u  +  X(-Au  +  6u)]  +  y-  [u  +  X  (-Au  +  Bu)]  >  (u  +  Xf)  , 

A  A 

multiply  by  etA"A  and  integrate  over  (0,t)  to  obtain: 

u(t)  +  X(-Au(t)  +  8u(t))  »  e  t/<A(u0  +  X  (-Au0  +  hg))  + 

t 

+  r-  /  e*s  t'//A  (u(s)  +  Xf(s))ds 
A  0 

■”S  'A 

Finally  writing  u(s)  =  v(s)  +  e  '  u  in  the  integral  gives  (3.6). 

Proof  of  Theorem  3.3  (sufficient  condition): 

If  D(8)  c  (0,«°[  the  statement  is  trivial.  Assume  that  (ii)  holds.  Then 


B°(e-t/Ar) 

e-t/Xr 


1  i  /  -t/X  , 
+  -  In  (e  r) 


<  bV,  i  ln  r 

—  r  X 


which  can  be  rewritten  as 


„  .  .0,  -t/>  .  t  -t/A  -t/>  .0,  , 

Vr  >  0  ^  (e  r)  -  —  re  •_  e  .a  (r) 


Therefore  if  v  is  a  solution  of  (3.6)  with  u^  ^  0,  then 


/  sgn  v  •  \  (t,v)  _<  0  ,  a.e.  te-  [  0 ,  T) 


Now  we  multiply  (3.6)  by  sgn  v  and  take  in  account  that 


f  sgn  v(-lv)  '  0 

and  the  nonnegativity  of  f(-),  to  obtain 

/  v  (t)  +  i  /  sgn  v(t)  j  e^S  t'//  v(s)ds  0 

•  '  0 

Writing  v(s)  =  v+(s)  -  v  (s)  and  majorizing  the  second  integral  gives 

1 

/  v  (t)dx  <_  —  J  J  v  (s)dxds 

*  0  .1 

By  the  Gronwall  inequality,  this  implies  v  (t)  =  0  a.e.  in  P.  x  !0,T]. 

Proof  of  Theorem  3.3  (necessary  condition): 

If  3  { * )  is  continuously  differentiable,  we  will  show  that  (iii)  =»  (ii)  by 
exploiting  the  arbitrariness  of  uQ  0  (to  assume  f  3  0  will  be  sufficient). 

We  first  prove  the  result  under  the  extra  assumption  that  2  is  continuously 
differentiable  on  I0,“)  and  (r)  is  uniformly  bounded  on  10,“'). 

Let  B(2c)  be  a  ball  of  radius  2 a,  (c  >  0)  contained  in  C!  and  let  r  >  0 
be  fixed  but  arbitrary. 

(/,  J) 

Consider  a  sequence  of  nonnegative  (':)  functions  uQ,  n  <- K  such  that 


(a)  supp  u^  '  E(2-. )  ,  Vr.  <■  I: 


(b)  u,  (x)  =  r  ,  v.  '  B(-  )  ,  Vn  r  i; 

(c)  i‘  -  r/E'-.  )1  ir.  L2  (  •)  , 

where  denote-:  the  characteristic  f '.motion  of  the  ball  b(i.)  . 
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We  denote  u  (•)  =  u. (*,u^,0)  ^  0. 

2 

Next  we  construct  "test-functions"  y  as  follows.  Let  q  L  (  ),  q 

n 

be  not  identically  zero  in  such  that 

supp  g  r.L  B(2c) 

and  let  ^n<t)  be  the  unique  solution  of 


(3.7) 


[1  +  16'  (u11  (t)  )  (t)  -  XA^  (t)  =  g  in 

n  n 

Y  (•f  (t)  )  =  0  on  P 
n 


2 

We  remark  that  (t)  £  C([0,T];L  (H) )  since  £' (•)  is  continuous  on  [O,*) 
n  2 

and  u  f  C([0,T];L  (i >)).  Since  q  .2  0  by  the  strong  maximum  principle 

•f  (x,t)  >  0  in  Q  Vt  e  I0,T]  and  Vn  c  K  . 
n 

2 

Moreover  it  is  easy  to  verify  that  ^  (0)  -*  (0)  in  L  (f!),  where  i  >  0  is  the 

n  oo  °° 

solution  of 


[1  +  XB'  (rx[B(o)])]^  -  Xiw'm  =  g 

Y  t^)  =  0 

We  multiply  (E.^)  (written  with  f  (t)  =  0  and  initial  datum  u^)  by  y*n  and 
integrate  by  parts,  to  obtain 


/  u"  (^  +  XB'  (un )ys  -  XA*  )dx  =  /  {uA^  -  B(u)^}dx  = 

n  1  n  n  n  a 

=  \  /  {un((l  +  XB’  (un))y-  -  g]  -  \3(un)c  'dx  . 

‘a 

Here  we  used  the  fact  that  under  the  stated  assumption  on  3(0  ,  (E^)  can  be 


written  as 


(u  -  XAu)  +  S’  (u)u  -  Au  +  ^  Cu )  =  0  , 

at  t 

whose  pointwise  meaning  is  easy  to  justify. 

By  (3.7)  above  can  be  rewritten  as 

(3.8)  /  u"g  d x  =  y  /  tut"  (1  +  XB*  (u"))  -  X8(un))cn  d x  -  —  }  u"g  dx 

r,  2 

We  observe  that 

j  j  u"g  dxdx  =  /  un(t)g  dx  -  /  u%x)g  dx  >  0 

0  Q  Q  -7 

because  u"  >_  0,  g  0,  and  the  particular  choice  of  g. 

Therefore  (3.3),  and  u"  ^  0  g  0  imply 

0  <  /  /  (un(l  +  XB'  <u"))  -  XB(un)]*n  dxdx  Vn  ■  N  . 

o  a 

Dividing  by  t  and  letting  t  +  0  we  obtain 

0  <  /  (u"(l  +  XB'  (u">)  -  XB(u">]*  (0)  dx  ,  Vn  e  B  . 

~  j;  0  0  0  n 

2  2 

As  n  -*  “>  u"  -rv(B(p)J  in  L  (B),  -f  -*■  ■f  >0  in  L  (.0)  and  for 
0  n  oo 

subsequence  6'  <uq)  ■*  B'  (rxtB(p)]). 

Hence  we  can  pass  to  the  limit  under  integral  as  n  ■»  <=,  to  obtain 

(r  (1  +  XB’  (r))  -  XB  (r )  ]  /  ^  dx  _>  0 

B(p) 

Since  ^  >  0  in  0,  this  in  turn  gives 

00 

Mill  <  1  +  XB'  <r)  .  re  F+ 

r  — 

i.e.  4~  (*■?-■■■  +  In  r)  >  0  ,  r  e  R+  . 

dr  r 

This  concludes  the  proof  of  the  theorem,  in  the  case  of  B' (r)  uniformly 
vr  <-  B+. 


a  suitable 


bounded 
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Suppose  now  that  r  *  10,°°(  '  D(3)  -*  ,°(r)  is  continuously  differentiable. 

Let  r  ■  D(^)  be  selected  and  let  {u”  ■  be  constructed  as  in  the  first  part 
of  the  proof. 

Let  n  •  0  such  that  r  +  n  D(3)  and  denote  by  >  a  continuously  dif¬ 
ferentiable  maximal  monotone  graph  in  IR  x  jr  such  that 

(i )  >  (s)  3  (s)  s  __  r  +  n 

(ii)  v  ±  on  D(3) 

(iii)  y*  (*)  is  uniformly  bounded  Vr  -  [0,®) 

v  n 

If  we  denote  by  (• ,uQ,0)  the  solution  of  (E^)  with  3  replaced  by  y,  then 
by  virtue  of  the  Remark  3.6 

UI(,>V0)  iV'V0)  1°  • 

y  n 

Hence  the  argument  can  be  repeated  on  the  u^(',uQ,0)  to  yield  the  result. 

Remark  3.8.  We  do  not  expect  condition  (ii)  to  be  necessary  without  the  assumption 
of  continuous  differentiability  on  8  ( • ) .  We  saw  that  (iii)  is  satisfied  when 
D(S)  c  [0,~)  regardless  of  the  behavior  of  S  ( • )  in  its  domain  (in  particular 
when  (ii)  is  violated).  If  we  assume  S  ( * )  differentiable  at  0,  then 
0  e  Int  D  ( 6 )  r  hence  we  are  not  in  the  previous  situation.  It  would  be  of  interest 
to  know  whether  only  the  assumption  of  differentiability  at  the  origin  suffices  in 
order  for  (ii)  to  be  necessary. 
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